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Abstract. The Krein-Naimark formula provides a parametrization of all selfadjoint exit 
space extensions of a, not necessarily densely denned, symmetric operator, in terms of max- 
imal dissipative (in C+) holomorphic linear relations on the parameter space (the so-called 
Nevanlinna families) . The new notion of a boundary relation makes it possible to interpret 
these parameter families as Weyl families of boundary relations and to establish a simple 
coupling method to construct the generalized resolvents from the given parameter family. 
The general version of the coupling method is introduced and the role of boundary relations 
and their Weyl families for the Krem-Naimark formula is investigated and explained. 



1. Introduction 

Let $) be a separable Hilbert space and let A be a not necessarily densely defined closed 
symmetric operator or relation in Sj with equal defect numbers n + (A) = n_(A) < oo. Denote 
by A* the adjoint linear relation of A. The Krem-Naimark formula 

(1.1) R x := P^l-A)- 1 ^ = (A -A)- 1 -7(A)(M(A)+r(A))- 1 7 (A)*, A G p(A )n P (A), 

establishes a bijective correspondence between the set of all selfadjoint (canonical and exit 
space) extensions A of A and the set all Nevanlinna families r(A). Here Aq = Aq is a fixed 
canonical extension of A, 7(A) is the so-called 7-field, and M(A) is a Q-function of the pair 
{A, A }. The correspondence in (jl.lj) will also be indicated by the notation A = A^ T \ The 
Krein-Naimark formula plays an important role in the extension theory of the operator A 
(see [U 13 El U3 UH U3 I21j and references therein) and its numerous applications to classical 
interpolation problems ( El EH E21 E3 EH 133 HIl IIU ) , boundary value problems ((231211123) 
and different type of physical problems (see (3 13 El 13 113 112] and references therein). 

During the last two decades a new approach to the extension theory, based on the concepts 
of boundary triplets and the corresponding Weyl functions, has been developed. Recall the 
basic definitions. 



Definition 1.1. j2Sj A collection II = {7i,ro,ri} consisting of a Hilbert space Tt with 
dim7i = n±(A) and two linear mappings To and Ti from A* to Ti, is said to be a boundary 
triplet for A* if 

(BT1) the abstract Green's identity holds 

(1.2) (/', g) -(f,g') = (VJ, V g) H - (V f, T l9 ) H , f = {f,f'}, g = {g, g'} G A*; 
(BT2) the linear mapping T := {T , Ti} : A* — >• Ti © TC is surjective. 
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The mappings T and l\ induce two selfadjoint extensions A = kerr and A\ = kerl\ 
of A. In |161 IT7] the concept of a Weyl function was associated to an ordinary boundary 
triplet as an abstract version of the m-function appearing in boundary value problems for 
differential operators. 

Definition 1.2. (PHHH) Let IT = {H,T ,Ti} be a boundary triplet for A*. The operator- 
valued function M(A) defined by 

(1.3) r 1 h = M{X)T f x , fx G yi\ := ker (A* — A), AgC\R, 

is said to be the Weyl function, corresponding to the triplet II. 

A connection between the approach via boundary triplets and the Krein-Naimark theory 
of generalized resolvents has been established in fTf\ I19j. It was shown that all objects in 
(jl.lj) can be expressed in terms of boundary triplets. In fact, one has 

(1.4) A = kerr , 7 (A) = (r [^ A )- 1 , {r , Ti}^/ e -r(A), fESj. 

In formula fOJ) the Weyl function M(A) is always a uniformly strict Nevanlinna function, 
whereas the parameter r(A) is an arbitrary Nevanlinna family. It is known that any uniformly 
strict Nevanlinna function is the Weyl function in the sense of Definitions 11.11 and 11.21 

If the parameter r(A) in formula (jl.lj) is a uniformly strict Nevanlinna function one can 
use the inverse problem for Weyl functions in order to construct the exit space extension 
A = A^ connected with R\, via (jl.lj) . This construction will be briefly recalled; cf. j!2j . 
Let S\ := A and let S2 be a symmetric operator in a Hilbert space f)2 such that r(A) is the 
Weyl function of S2 corresponding to a boundary triplet n 2 = {H,Xo,Xi}- Then the linear 
relation 

(1-5) A = { h © f 2 e A* © T 2 : r /i - X0T2 = + X1T2 = } 

is a selfadjoint (exit space) extension of Si © 5*2 and satisfies equation (jl.lj) . Unfortunately 
this coupling approach was restricted to uniformly strict Nevanlinna functions t(A). In 
order to extend this method to arbitrary Nevanlinna families the new concepts of boundary 
relations and their Weyl families were introduced by the authors in , [IS] ■ These concepts 
generalize the notions of the boundary triplet and the corresponding Weyl functions. In 
it was proved that every Nevanlinna family r(A) can be realized as the Weyl family of a 
boundary relation. The main purpose of the paper is to show that, due to this new inverse 
result, the coupling construction in (jl.5j) can be extended to the case of any Nevanlinna 
family. 

The paper is organized as follows. In Section El the basic notions are introduced and 
various preliminary results are established. In particular, some new and useful facts on 
unitary relations in Krem spaces are presented, for instance, concerning the composition 
of unitary relations; see Theorem 12.131 In Section 3 the notion of boundary relations for 
S*, the corresponding Weyl families, orthogonal couplings, and J-unitary transformations of 
boundary relations are discussed. In particular, it is shown that if two boundary relations T 
and T are connected by means of a standard J-unitary operator W via T = WT, then the 
corresponding Weyl families are connected by means of Shmulyan's transform. Besides, the 
following equality is derived 



(1.6) 



dim Ti — n±(A) = mulT, 
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showing, in particular, that the equality dimTC = n±(A) is true if and only if T is single- 
valued. 

In Section 4 the connection between boundary relation (T, TC 2 ) and ordinary boundary 
triplet II = {TC, T , Ti} for S* is investigated. In particular, it is shown (see Proposition I4.4j) 
that formula 

(1.7) f = WT 

establishes a bijective correspondence between the set of all boundary relations for S* and the 
set of unitary relations W in (Ti 2 , Jy) for which ker W = {0}. Observe, that formula (jl.7j) 
leads to another (equivalent) definition of a boundary relation at the expense of extending 
the group of J-unitary operators in (jl.7|) to a (wider) set of J-unitary relations W with 
kerW = {0}. In this section also generalized boundary triplets as well as boundary triplets 
whose Weyl functions take values in [TC] are investigated. 

In Section 5 there are some general transformation results concerning boundary relations 
r : -> H 2 for S* whose Weyl family M(A) belongs to the class R[H], that is M(-) is 
the Weyl function with values in [TC]. In this case an arbitrary orthogonal decomposition 
TC = TL\ © TL2 of Ti induces the corresponding block operator representation 

(1.8) M(A) = (Mij(X)) 2 d=1 . 

of M(-). It is shown how one can identify intermediate closed symmetric extensions H of 
A and associate boundary relations for H*, such that the corresponding Weyl function is 
a given transform of the blocks of (My(A)) including, for instance, linear combinations of 
Mjj(A) and Schur complements. In particular, there appear induced boundary relations F 
for H* whose Weyl function M(-) equals either to M n + M 22 or to (M n + M 22 ) _1 . 

Similar results for ordinary boundary triplets II = {7-^, To, 1^1} for A* have earlier been 
published in our previous paper However, the present generalizations are needed here 
for applications involving generalized resolvents. 

In Section 6 the coupling method from [T2] . as briefly described above, is extended to the 
case of arbitrary Nevanlinna families r(-). This approach leads to new results and further 
geometric insight into various questions on this area. In the coupling method the selfadjoint 
exit space extension A in S) D is constructed by means of a boundary triplet of A*, whose 
Weyl function is M(-), and a boundary relation that corresponds to the family r(-) € R(TC). 
The coupling method makes it possible to treat the families r(-) and — (t(-) + M(-)) -1 
appearing in (jl.lj) as the Weyl families of S 2 := A fl (S) Q Sj) 2 (see formula (jHUI)) and some 
intermediate extension of A (see formula ()6.24|) ). respectively. 

In Section 7 coupling method is applied to give a complete solution to the problem of 
M-admissibility (cf. J2])- Recall, that if A is nondensely defined, then A^ may be either 
a (selfadjoint) linear relation or an operator (i.e, a single- valued linear relation). Based on a 
coupling construction, the following simple criterion for r(-) to generate an operator A^ is 
established: 

The Nevanlinna family r(-) in (jl.lj) corresponds to an operator A^ (that is, it is II- 
admissible) if and only if the following two conditions are satisfied: 

(i.») „- to + "(*)>-' = ,,, lim (^)- + M W -)- =o 

y]co y y^oo y 

Moreover, results on intermediate extensions given in Section 5 (a geometric treatment of 
(r(iy) + Miiy))' 1 as a Weyl function) allow us to show that if additionally A (resp. Ai) is 
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an operator, then A^> is an operator if and only if the first (resp. the second) of conditions 
is satisfied. 

In a forthcoming paper the coupling method is applied to the characterization of the 
Naimark extensions in terms of r(-). 

2. Preliminaries 

2.1. Linear relations in Hilbert spaces. The Cartesian product Sj x Sj' of linear spaces 
Sj and Sj' is the set of all ordered pairs (of 1 x 2 matrices) {/, /'} with / G S) and /' G $)'. 
Frequently it will be convenient to denote the Cartesian product Sj x Sj' and the elements of 
it (as 2x1 matrices) by 

If £ C Sj and £' C Sj' are linear subspaces then £ x £' denotes the Cartesian product of the 
subspaces; in agreement with the ordered pairs this product will also be denoted by {£, £'}, 
or by £ 2 if £ = £'. 

A linear relation T from Sj to Sj' is a linear subspace of S) x Systematically a linear 
operator T will be identified with its graph. It is convenient to write T : $) — > ft' and 
interpret the linear relation T as a multi-valued linear mapping from f) into $)' . If Sj' = S) 
one speaks of a linear relation T in $). 

For a linear relation T : f) — > the symbols domT, kerT, ranT, and mulT stand for the 
domain, kernel, range, and the multi-valued part, respectively. The inverse T _1 is a relation 
from $}' to Sj defined by { {/', /} : {/, /'} G T }. The adjoint T* is the closed linear relation 
from ft' to f) defined by (see jS], [TT] ) 

(2.1) T* = { {/!, fc} G © « : (k, f)si = (h, g)sy, {/, G T }. 

The sum T x + T 2 and the componentwise sum T±+T 2 of two linear relations T\ and T 2 are 
defined by 

Ti + T 2 = { {/, + M : {/, g} G Ti, {/, fe} G T 2 }, 

7i + T 2 = { {/ + h, g + k} : {/, g}eT u {h, k} G T 2 }. 

If the componentwise sum is orthogonal it will be denoted by T\ © T 2 . The null spaces of 
T — A, A G C, are defined by 

(2.2) <n A (T) =ker(T-A), m x (T) = { {/, A/} G T : / G 9T A (T) }. 

Moreover, p(T) (p(T)) stands for the set of regular (regular type) points of T. The closure 
of a linear relation T will be denoted by closT. 

The product of linear relations is defined in the standard way. Some basic facts concerning 
the product of operators remain valid also for the product of relations. For instance, the 
following statement is easy to check. 

Lemma 2.1. Let Sji, Sj2, and ^3 be Hilbert spaces and let B : S)\ —>■ f) 2 and A : fj 2 — > #3 

be linear relations, and let C = AB. Then: 

(i) ker B C kerC and mul A C mulC; 

(ii) z/kerA = {0}, £/ien keri? = kerC, and ifmvAB = {0} ; taen mulA = mulC. 
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The next lemma gives some basic facts concerning the inverse, the product, and the 
adjoint of linear relations; these facts are well known for linear operators, the proofs for 
linear relations are left to the reader. 

Lemma 2.2. Let S)i, f)2, and S)s be Hilbert spaces and let B : S)\ —>■ 9)2 and A : S)2 — * #3 
be linear relations. Then: 

(i) {AB)- 1 = B- X A- X and (A*)" 1 = {A' 1 )* ; 

(ii) (AB)* D B*A*; 

(iii) if A G [Sji,Sj 2 ] orB- 1 G [£3, $2], then (AB)* = B*A*. 

Recall that a linear relation T in fj is called symmetric (dissipative) or accumulative) 
if Im (h', h) — (> 0) or < 0, respectively) for all {h, h'} G T. These properties remain 
invariant under closures. By polarization it follows that a linear relation T in ft is symmetric 
if and only if T C T* . A linear relation T in S) is called selfadjoint if T = T*, and it is 
called essentially selfadjoint if closT = T*. A dissipative (accumulative) linear relation T 
in Sj is called maximal dissipative (maximal accumulative) if it has no proper dissipative 
(accumulative) extensions. 

Assume that T is closed. If T is dissipative or accumulative, then mulT C mulT*. 
In this case the orthogonal decomposition = (mulT) -1 © mulT induces an orthogonal 
decomposition of T as 

(2.3) T = T S ®T 00 , ^ = {0} x mulT, T s = {{f,g} G T : g _L mulT }, 

where is a selfadjoint relation in mulT and T s is an operator in mulT with 
domT s = domT = (mulT*)^, which is dissipative or accumulative. Moreover, if the re- 
lation T is maximal dissipative or accumulative, then mulT = mulT*. In this case the 
orthogonal decomposition (domT)- 1 = mulT* shows that T s is a densely defined dissipative 
or accumulative operator in (mulT)- 1 , which is maximal (as an operator). In particular, if T 
is a selfadjoint relation, then there is such a decomposition where T s is a selfadjoint operator 
(densely defined in (mulT)^). 

Let T be a linear relation in a Hilbert space Sj. If T is closed, then also the eigenspace 
*R\(T) is closed for every A G C. 

Lemma 2.3. j22| Let T be a linear relation in fj ; let H be a restriction ofT with a nonempty 
resolvent set, and assume that A G p(H). Then H is closed and 

(2.4) T = H + <rt A (T). 

Observe that if S is a closed symmetric relation and if is a (maximal symmetric, maximal 
dissipative) selfadjoint extension, then 

s* = h + m x (s*). 

In particular, if S is a symmetric relation in f), then H := S + yi\(S*) is a restriction of S* 
and, moreover, if S is closed, 

Xep(H), AgC\1. 

Hence, the adjoint relation S* of a closed symmetric linear relation S in a Hilbert spaces f) 
can be decomposed via the von Neumann formula: 



(2.5) 



S* = S + Vl x (S*) + m- x (S*), A G C \ R, direct sums, 
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where yi\(S*) is defined as in (|2.2jl . When A = ±i the decomposition (|2.5jl is orthogonal: 
(2.6) S* = S®6ti(S*)®VLi{S*), 

where the orthogonality is with respect to the inner product topology in S*, cf. jHj, jHj- A 
symmetric linear relation S is called simple if there is no nontrivial orthogonal decomposition 
of the Hilbert space Sj = fh©£)2 and no corresponding orthogonal decomposition S = Si ©52 
with Si a symmetric relation in Sji and S2 a selfadjoint relation in The decomposition 
(12. 3 j) for S = S s © 5*00 shows that a simple closed symmetric relation is necessarily an 
operator. Recall that (cf. e.g. [H7j ) a closed symmetric linear relation S in a Hilbert space 
is simple if and only if 

Sj = span{9t A (S*) : AgC\1}. 

2.2. Linear relations in Krein spaces. Recall that a signature operator j in a Hilbert 
space is a bounded linear operator such that j = j* = j" 1 . A signature operator provides 
the Hilbert space with a Krein space structure with the fundamental symmetry j. Let fj 
and TC be Hilbert spaces with signature operators and j n , respectively, and denote the 
corresponding Krem spaces by {$),jsj) and (H,jn)- Then the adjoint T"M of a linear relation 
T from the Krem space ($),jsj) to the Krem space (7i,jn) is given by T^ = j^T*ju- 
The following result was given in Proposition 2.2] for the Hilbert space case. 

Proposition 2.4. Let T be a closed linear relation from the Krein space to the Krein 

space (H,jrt)- Then: 

(i) domT is closed if and only i/domr'*' is closed; 

(ii) ranT is closed if and only if ran TM is closed. 

Proof. The Krem space adjoint T^ of T is connected to the Hilbert space adjoint T* via 
T"M = j^T*jn. Hence it is clear that domTM (ranTM) is closed if and only if domT* (resp. 
ranT*) is closed. Therefore, the statements follow from Proposition 2.2]. □ 

Definition 2.5. (i) A linear relation T from the Krein space to the Krein space 

(Ti.,jn) is said to be isometric if T _1 C T^ and co-isometric if T^ C T _1 . 

(ii) A linear relation T is said to be unitary if it is simultaneously isometric and co- 
isometric, that is, if T~ l = TW. 

Lemma 2.6. ([15] ) Let T be a linear relation from the Krein space ($j,jsj) to the Krein 
space (TC,jn)- Then: 

(i) ifT : £1 — > £2 isometric then the inverse T -1 : ^ 2 — > 2s isometric and the adjoint 
TM : $2 - ► &l co-isometric; 

(ii) z/T : ^1 — > ^2 unitary then the inverse T~ l and the adjoint TW are a/so unitary. 

Proof, (i) Since T is isometric, one has T" 1 C TM. Taking inverses one obtains 

(T -1 ) -1 C (T^) -1 = (T _1 )W 

by Lemma f2. 2| so that T _1 is isometric. Taking adjoints one obtains 

/j.[*h[*] (- _ (yM)-^ 

again by Lemma f2. 2] so that T^ is co- isometric. 

(ii) This statement is clear from (T' 1 )^ = (TM)" 1 ; cf. Lemma O □ 
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The following two statements are due to Yu.L. Shmul'jan [43J. They can be obtained also 
directly from the equality TM = T -1 and Proposition 12. 4| see also |15| . 

Proposition 2.7. Let T be a unitary relation from the Krein space (Sj,jsj) to the Krein 
space (Hjjn)- Then: 

(i) domT is closed if and only if ranT is closed; 

(ii) the following equalities hold: 

(2.7) kerT = (domT) [±] , mulT = (ranT) [±] . 

A unitary relation T : (Sj,jsj) — » (TC,jn) ma y De multi- valued, nondensely defined, or 
unbounded. The following characterization is useful. 

Lemma 2.8. ([15 J Let T be a unitary relation from the Krein space to the Krein 

space (TC,jn)- Then: 

(i) T is single-valued if and only iffEnT = TC; 

(ii) T is single-valued and densely defined if and only iffEnT = TC and kerT = {0}; 

(iii) T is single-valued and bounded (not necessarily densely defined) if and only if ran T = 
TC; 

(iv) T G [ft, TC] if and only z/ranT = TC and kerT = {0}. 

A unitary relation T is the graph of an operator if and only if its range is dense. In this 
case it need not be densely defined or bounded; and if it is bounded it need not be densely 
defined. 

Corollary 2.9. Let T be a unitary relation from the Krein space (S),j$,) to the Krein space 
(TC,j n ). Then T G [$j,TC] if and only ifT' 1 G [TC,fi]. 

Proof. Assume T G [S),TC\. Then domT = ft and mulT = {0}, or equivalently, ranT^ 1 = Sj 
and kerT" 1 = {0}. By (iv) of Lemma l2~8l this implies that T" 1 G [TC,Sj]. □ 

Observe that for a unitary relation T from (S), jsj) to (TC, jn) > both T and T -1 are operators 
if and only if domT = and fanT = Ti. Moreover, in this case domT = if and only if 
ranT = 7i, cf. Proposition 12. 7\ which also leads to Corollary 12.91 

Remark 2.10. In the present terminology an operator T is unitary if it satisfies T _1 = TW. 
However, the terminology in [H Chapter 2, Definition 5.1 and Corollary 5.8] is different. An 
operator T from the Krem space (S),jsj) to the Krein space (Ti^ju) is unitary in the sense 
of M.G. Krein (seejl]), if domT = f), ranT = TC, and 

(2.8) [Tf,Tf\ H =\f,f\si, f e fi. 

To see the connection with the present setting, observe that (|2.8J) implies by polarization 
that 

(2.9) [Tf,Tg]n = \S,g]^ f,gef>. 

The identity ()2.9j) shows that T is isometric, i.e., the graph of T satisfies T _1 C TW, and that 
kerT={0}. Since domT = S) and ranT = TC '\t follows that T is unitary, i.e., T" 1 = T^, cf. 
|15| Proposition 2.5]. Moreover, T e W] by (iv) of Lemma 12 .81 and then also T _1 e [W,i3] 
by Corollary 12.91 Conversely, if T is a unitary relation, i.e., T~ x = T^ and T G 
(or equivalently T _1 G [TC, $)]), then T is an operator satisfying (|2.8|) . domT = fi, and 
ranT = Ti by (iv) of Lemma 12.81 Therefore, a unitary relation T is a standard unitary 
operator (in the sense of M.G. Krein) precisely when T in addition belongs to i.e., 
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T is everywhere defined and single- valued, in which case also T -1 G [W,^] is a standard 
unitary operator. In the present paper a unitary operator need not belong to [i},7i] and it 
need not be even densely defined, in which case ker T is also nontrivial; cf. Proposition 12.71 

On a finite-dimensional space the set of injective unitary operators coincides with the set 
of standard unitary operators. 

Corollary 2.11. Let fa and fa be Krem spaces, let T : fa — > fa be a unitary operator with 
kerT = {0}, and assume that dim^i < 00. Then dim fa = dim^i < 00 andT is a standard 
unitary operator in [fa, fa]. 

Proof. Since kerT = {0} and dim^i < 00, it follows from Proposition 12.71 that domT = fa 
and that ranT is closed; furthermore, since T is single- valued, one has ranT = fa. Thus 
T G [fa, fa] by (iv) of LemmaEHl so that T is a standard unitary operator; cf. Remark 12.101 
Therefore also dim ^2 = dim .ft x < 00. □ 

It is emphasized that the condition kerT = {0} in Corollary 12.111 is essential: as will be 
seen below (see also (THj) boundary triplets of symmetric operators S, domS 7^ {0}, (acting 
on a finite-dimensional or infinite dimensional space) are typical examples of bounded unitary 
operators which are not standard. They are nondensely defined with a nontrivial kernel that 
is equal to S. 

Unitary relations between Krem spaces admit a couple of useful properties under compo- 
sition. First a result which concerns the adjoint of the product of linear relations in the case 
that the domain or the range of one of the relations is closed; observe that Lemma 12.21 is 
still true in the Krem space situation. 

Lemma 2.12. Let fa, j = 0, 1, 2, 3, be Krem spaces and let S : ^1 -+ ^ fe o closed relation. 
Then: 

(i) if domS is closed then for every linear relation X : fa — > fa with ranX C dom 5* 
one has 

(SX) [ * ] =X [ * ] S [ * ] ; 

(ii) if ran S is closed then for every linear relation Y : fa — > fa with domF C ranS 1 one 
has 

(YS)^ = sMyM. 

Proof, (i) The inclusion (SX)W D X^S^ is always satisfied, cf. (ii) in Lemma To 
prove the reverse inclusion let {/, g} G (SXy*\ so that 

(2.10) [g, hjm = [f, fc]* for all {h, k} G SX. 
Since the linear relation SX contains the set 

{{0,/ }:/ o emul5} 

it follows from pJOjl that [/,/„] = for all /„ G maiS, so that / G (mulS) [±] = donTS w . 
Since S is closed and dom S is closed, also dom S^ is closed by Proposition 12.41 Hence 
/ G domSW and {/, /'} G S [ * ] for some /' G fa. Now it suffices to show that {/', g} G X w , 
because then {/, g} G X^S^. Indeed, for each {h, u] G X there is u' G fa such that 
{u, u'} G S, due to the condition ranX C dom S. Then for all {/, /'} G S^ one has 

(2.11) [g,h]-[f,u] = [g,h]-[f,u']. 
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Clearly, {h,u'} G SX and thus (ETTUJ) implies that [g,h] = [f',u] for all {h,u} G X. This 
means that {f',g} G J*fM. Thus (SX)W c XW5M. 

(ii) This statement is obtained by applying part (i) to the inverse (YS)^ 1 = S _1 y _1 . □ 

The following theorem concerns the composition of two unitary relations; the results 
therein will be important in the sequel. 

Theorem 2.13. Let & 2 , and 8.3 be Krein spaces and let the linear relations T : &i — > & 2 
and S : & 2 — * ^3 be isometric. Then: 

(i) the linear relation ST : &\ — > £3 is isometric. 

In addition, let the linear relations T : &i — > & 2 ond S : $2 -^3 unitary. Then: 

(ii) i/domS and T + ({0} x ker S) are closed then ST : ^ — ► & 3 is unitary; 
(hi) if 

(2.12) ranTcdomS and domS is closed, 

then ST : &i — > & 3 is unitary and dom ST = dom T; 

(iv) if dom T and S + (mulT x {0}) are closed then ST : &x — > & 3 is unitary; 

(v) if 

(2.13) ranT D domS and domT is closed, 

then ST : &i — > £.3 is unitary and ran ST = ran S; 

(vi) if ranT = dom 5* and ran 5 = £3, then the unitary relation ST : &i — > & 3 bounded 
and single-valued (not necessarily densely defined); 

(vii) if T G [£1, ^2] or S & [& 2 , 8®], then ST : Mi — > M3 is unitary; 

(viii) if T G [^1,^2] anc ^ 5* G [^2)^3]; ^ en ^ a unitary operator which belongs to 
[£i,£ 3 ]. 

Proof, (i) Since S and T are isometric, one has S^ 1 C SM and T" 1 C TW. The definition of 
the product of relations implies that T~ 1 S~ 1 C T'MjS'M. Lemma f2.2l yields 

(2.14) {ST)- 1 = T^S- 1 C T W S W c (ST) H . 

Hence, the relation ST is isometric. 

(ii) Since S and T are unitary, ST is isometric by part (i), i.e., (ST)" 1 C (ST)M. To see 
that ST is unitary it suffices to prove the inclusion (ST)M C (ST) -1 = T^S^ (where the 
last identity is due to S and T being unitary). The linear relation To defined by 

T :=Tn (i5i x domS) = {{h,ti} G T : tie domS} 

satisfies the inclusion ranT C domS. Hence from Lemma f2. 121 one obtains 

(ST) W c (ST ) W =T W S W . 

Now it is enough to prove that T W SM c T^S™ (then also T W SW = T^SM holds). Since 
T is unitary, it follows from the assumptions in (ii) that 

(2.15) T W =TW +(kerS x {0}). 

Now let {f,g} G T W SW. Then for some /' G & 2 one has {/,/'} G SW and {f',g} G T W . 
Hence due to (I2.15j) {/' — fo,g} G T^ for some fo G kerS. Since S is unitary one has 
fo G mulSW(= kerS). Thus {/, /' - / } G SW and therefore {f,g} G T^S^. This 
completes the proof of part (ii). 
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(iii) By the assumptions in (|2.12j) one obtains the statement directly from Lemma 12.121 
(ST)M = tH^H = T^S- 1 = (ST)- 1 . The equality dom ST = domT is clear due to the 
assumption ranT C domS*. 

(iv) This statement is obtained by applying part (ii) to the inverse (ST)- 1 = T^S^ 1 and 
by taking into account Lemma 12.61 and the equivalence stated in (i) of Proposition 12.71 

(v) This is again an immediate consequence of Lemma 12.121 it can be obtained also from 
(iii) by means of inverses. 

(vi) If ranT = dom S and ran S = M$, then dom S and domT are closed by (i) of Proposi- 
tion 1213 Therefore, by part (v), the relation ST : &i — > M3 is unitary and ran ST = ranS = 
M3. Furthermore, ST bounded and single- valued by (iii) of Lemma l2~8l 

(vii) The relations S and T are assumed to be unitary. If in addition S G [^2,-^3], then 
by definition domS = £2 and moreover kerS = {0} by Proposition 12.71 Hence the relation 
ST is unitary by part (ii). On the other hand, if T e [Mi, M2], then domT = Mi, ranT = M2, 
and now part (v) shows that ST is unitary. 

(viii) This is clear and a well-known fact. □ 

Observe that in Theorem l2. 13l the only standard result in the literature is the last statement 
(viii). Notice also that (iii) is in fact a special case of (ii). Indeed, if ranT C domS then 
mulT D kerS by Proposition 12.71 and hence in this case T + ({0} x kerS) = T is closed. 
Likewise (v) is a special case of (iv). 

Corollary 2.14. Let the linear relations T : Mi — > M2 and S : M2 — > M3 be unitary. Then: 

(i) if dom S is closed and dimkerS* < 00 then ST : Mi — > M3 is unitary; 

(ii) if domT is closed and dimmulT < 00 then ST : Mi — > M3 is unitary; 

(iii) if dim & 2 < 00 then ST : Mi — > M3 is unitary. 

Proof. The statements (i) and (ii) are immediate consequences of parts (ii) and (iv) in 
Theorem \2.VA\ respectively. 

As to (iii) observe that if M2 is finite-dimensional then automatically the assumptions in 
(i) and (ii) are satisfied. □ 

The following examples show that in the case of infinite dimensional spaces unitary oper- 
ators may be unbounded and their set does not form a semigroup, that is, the product of 
two unitary operators need not be a unitary operator. 

Example 2.15. Let K be a densely defined operator on a Hilbert space $) and define the 
block operator matrix T by 



Then T is an injective operator, i.e., kerT = {0}, mulT = {0}. It is easy to see that T is 
closed if and only if K is closed. The inverse of T is given by 



and hence T is densely defined with dense range; in fact domT = ranT = S) © domi^. Now 
consider fj © fj as the Krem space (fj 2 , J^) with the fundamental symmetry 



(2.16) 




(2.17) 




(2.18) 
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Then 

'h ~1<* 



(2.19) T M 



I 



ft 



TiT 2 



The identities (J2.17|) and ()2.19|) show that T is isometric (unitary) if and only if K is 
symmetric (resp. selfadjoint). Therefore, if K\, K 2 are two unbounded selfadjoint operators 
in S) such that K\ + K 2 is not selfadjoint, the product T{T 2 of the unitary operators T\ and 

% KA (h K 2 \ (I* K x + K 2 
^ J \ I ^ J \0 Is, 

is not a unitary operator in (fj 2 , Jg). Here both assumptions in (j2.12|) can fail to hold. This 
is the case if, for instance, K\ and K 2 are selfadjoint operators in f) such that domi^i fl 
domK 2 = {0}. 

Note also that if K\ is an unbounded selfadjoint operator in 9) and K 2 = —K\ then 
ranT 2 = domTi, cf. (|2.17j) . so that domTiT 2 = domT 2 . Now the product T{T 2 is not closed 
and hence it cannot be unitary. In this case the first assumption in (j2.12|) and (J2.13)) is 
satisfied, while the second assumption in (j2.12|) . (J2.13)) fails to hold. The second assumption 
in (ii) and (iv) of Theorem 12. 131 is also satisfied, since kerTx = {0} and mulT 2 = {0}. 

Obviously, ST can be unitary even if the assumptions (|2.12|) and 1)2.13)1 are not satisfied. 
Also only one of the two conditions in (j2.12j) . (|2.13j) or in (ii), (iv) of Theorem 12.131 is not 
sufficient for the product ST to be unitary. 

Example 2.16. Let K 2 be a selfadjoint operator in f). Then the linear relation T 2 given by 



h J'\9 

is unitary in (fj 2 , Jq) with domT 2 = kerT 2 = (gri^ 2 ) _1 , ranT 2 = mulT 2 = {0} x^(c S) x^) 
closed. If T\ is as in (|2.1fjjl with K\ a selfadjoint operator then the product T{T 2 is unitary. 
Here domTi is closed if and only if K\ is bounded, in which case the assumptions in (|2.12jl 
are satisfied. However, if K\ is unbounded then both of the assumptions in (|2.12|) fail to 
hold and also the first assumption in (|2.13|) is not satisfied. It is not difficult to check that 
both assumptions in (iv) of Theorem 12.131 are satisfied. 
The product T 2 7\ is given by 

T 2 T 1 = {{( {K2 ~ h Kl)k )\])}-- hedomK 2 ndomK u g <= f, 

This relation is unitary if and only if K 2 — K x is selfadjoint. Now the second assumption 
in (12.12)1 is satisfied, while the first assumption in 1)2.12)1 does not hold. If, for instance, 
domi^! R domi^ 2 = {0}, then T 2 T X is not unitary. In this case both assumptions in ()2.13)) 
fail to hold. On the other hand, if K\ is bounded then the assumptions in ()2.13)1 are satisfied 
and T 2 T\ is unitary. The product T 2 T\ is also unitary if K 2 is bounded, while both of the 
assumptions in (j2.13j) fail to hold if K\ is unbounded. 

The first assumption in (ii) of Theorem 12.131 holds. The second assumption in (ii) of 
Theorem 12.131 is equivalent for the row operator {K\ K 2 ) to be closed, which therefore by 
part (ii) implies that K 2 — K% is selfadjoint. Obviously, K 2 — K\ can be selfadjoint even if 
the row operator [K\ K 2 ) is not closed: consider e.g. —K\ = K 2 =: K: here K 2 — K\ = 2K 
is selfadjoint, but the row operator (K 1 K 2 ) = (-KK) is not closed if K is unbounded: let 
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h n — ^ h G" dom.fr. Then col (h n , h n ) — > col (h, h) and (— K K)co\ (h n , h n ) = 0, and closedness 
would imply that h G dom K . 

Also observe that the linear relation T| = T 2 is unitary in (Sj 2 , Jq). However, domT 2 n 
ranT 2 = {0}, if ^ o- p (K~2) and in this case domT 2 and ranT 2 are closed. 

2.3. The main transform. It is convenient to interpret the Hilbert space Sj 2 = Sj © fj as 
a Krein space (Sj 2 , J^) whose inner product is determined by the fundamental symmetry 

of the form ()2.18|) ; notice the connection to the definition of the adjoint of linear relations 
in (j2.1J) . There is a useful and important transform which gives a connection between the 
subspaces of a Hilbert space S)®Ti and linear relations from the Krem space (S) 2 , J^) to the 
Krem space (TC 2 , Jn), which will be now recalled from [THj. Let fj and TC be Hilbert spaces 
and let their Cartesian product be denoted by fj = Sy © TC. Define the linear mapping J 
from Sf x TC 2 to ($)@TC) 2 by 

J : { (/') ■ & M (0 ■ (-*) } ■ ; - r 6 *■ ft - e w ^ 

This mapping establishes a one-to-one correspondence between the (closed) linear relations 
r : S) 2 — > 7i 2 and the (closed) linear relations A in fj = S) © ?Y via 

(2,0) r~*:-, m - {{({), (i)}= 

The mapping plays a principal role and it is refered to as the main transform. Some basic 
properties of this transform are stated in the following proposition. 

Proposition 2.17. Let the linear relation F from (Sj 2 , J^) to (7i 2 , Jy) and the linear relation 
A in ft © 7i be connected by A = J(T). The main transform J establishes a one-to-one 
correspondence between the contractive, isometric, and unitary relations V from (Sj 2 , J%) to 
(H 2 , Jn) and the dissipative, symmetric, and self adjoint relations A in S) © TC, respectively. 

2.4. Nevanlinna families. A family of linear relations M(A), A G C \ K, in a Hilbert space 
TC is called a Nevanlinna family if: 

(i) for every A G C + (C_) the relation M(A) is maximal dissipative (resp. accumulative); 

(ii) M(X)* = M(A), A G C\R; 

(iii) for some, and hence for all, \i G C + (C_) the operator family (M(A) + / u)~ 1 (g [TC]) is 
holomorphic for all A G C+(C_). 

By the maximality condition, each relation M(A), A G C \ M, is necessarily closed. The class 
of all Nevanlinna families in a Hilbert space is denoted by R(TC). If the multi- valued part 
mulM(A) of M(-) G R(TC) is nontrivial, then it is independent of A G C \ 1R, so that 

(2.21) M(A) = M S (X) © Moo, = {0} x mulM(A), A G C \ M, 

where M S (A) is a Nevanlinna family of densely defined operators in TC mulM(A), [33]. 

Clearly, if M(-) G R(TC), then M^ C M(A) n M(A)* for all A G C \ E. The following 
subclasses of the class R(TC) will be useful: 

R(TC) is the set of all M(-) G R{TC) for which mulM(A) = {0}; 
R S (TC) is the set of all M(-) G R{TC) for which M(A) fl M(A)* = {0} for all A G C \ K; 
R U {TC) is the set of all M(-) G ^(W) for which M(A) + M(A)* = Ti 2 for all A G C \ K; 
is the set of all M(-) G i2[7i] for which domM(A) = TL for all A G C \ R; 
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R S [H] is the set of all M(-) G R[H] for which kerlmM(A) = {0} for all A G C \ R; 

is the set of all M(-) G i? s [ft] for which G p(ImM(A)) for all A G C \ R; 
R c (7i) is the set of all constant Nevanlinna families. 

The subclasses of R(7i) can be equivalently defined by assuming the corresponding property 
of M(A) only at a single point A G C \ R, [TH]. Moreover, it is easy to show that R U [H] = 
R u (7i), see [IS]. The Nevanlinna functions in R S [H] and will be called strict and 

uniformly strict, respectively. 

If M(-) G then it admits the following integral representation 

(2.22) MW = A + BX + f t ( J ^-^J)^ t ), /Je M 

where A = A* G [7Y], < B = B* G [W], the [7i]-valued family £(•) is nondecreasing, and 
the integral is uniformly convergent in the strong topology, cf. jjj, [2*%] . 

A pair {$, ^} of holomorphic [7i]-valued functions on C + U C_ is said to be a Nevanlinna 
pair if: 

(Nl) Im_$(A)*#(A)/ImA > 0, A G C+ U C_; 
(N2) (A)*$(A) - $(A)*^(A) = 0, A G C+ U C_; 
(N3) G (A) ± i$(A)), A G C±. 

Two Nevanlinna pairs {$i, ^i} and {$2, ^2} are said to be equivalent, if $2(A) = $i(A)x(A) 
and VI/2 (A) = \I/i(A)x(A) for some operator function x(A) G [TC], which is holomorphic and 
invertible on C+UC_. If {$, ^} is a Nevanlinna pair, then the following kernel is nonnegative 
on C + UC_: 

(2.23) ^ M= mmzmm , Ve c t uc. 

A — [A 

The set of Nevanlinna families r(A) and the set of equivalence classes of Nevanlinna pairs 
{$, are in a one-to-one correspondence via the formula 

(2.24) r(A) = {$(A), *(A)} := { {$(A)/i, *(A)/i} : h eH}. 

Moreover, strict and uniformly strict Nevanlinna families are charachterized by the conditions 
^ cr p (N$#(A, A)) and G p(N$^(A, A)) for some A G C \ R, respectively. 

2.5. Shmul'yan transform of linear relations. Let H. and /C be Hilbert spaces and let 
W be a linear relation from the Hilbert space fj 2 = 7i © 7^ to the Hilbert space /C 2 = /C © /C. 
For any linear relation O in T~C, 

(2.25) H/[0] = {fcG K? : {/J, A?} G W, h G 6}, 
defines a linear relation VK[0] in K,. 

Definition 2.18. The linear relation W[Q] in JC, defined by 1)2.25)1 . is said to be the 
Shmul'yan transform of the linear relation in Tl, induced by the linear relation W : 

n 2 /c 2 . 

For any pair of relations ©i and O2 in the Hilbert space 7i, there are the inclusions 

w[6i n e 2 ] c w[Gi] n w[e 2 ], 

and 

(2.26) W[6i] + H^[6 2 ] C W[6i + 6 2 ]. 
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Furthermore, if ker W = {0}, then 

(2.27) w[e 1 ne 2 } = w[6i]nw[e 2 ], 

and, if mulW 7 = {0}, then 

(2.28) W[Qi] + W[Q 2 ] = W[Qi + e 2 ]. 

Now interpret W as a linear relation from the Krein space (Ti 2 , Jn) to the Krein space 
(K. 2 , Jjc), where the inner products are defined as in ()2.18j) . 

Lemma 2.19. Let W be a linear relation from the Krem space (H 2 , Jn) t° the Krem space 
(/C 2 , J K ). Then {a J} G if and only if 

(2.29) = [&Ak? for all {h,k} G W. 
Let be a linear relation in Ji and let {a, /3} G W^. Then 

(2.30) G 0* a G W[Q]*. 

Proof. Since {a, (3} G W^*\ the identity ()2.29j) is satisfied for all {h, k} G W. The equivalence 
in 1)2.30)1 is a straightforward consequence of (j2.29j) and the connection of the inner products 
in the Krein spaces (7i 2 , Ju) and (/C 2 , J£) to the definition of adjoint in (j2.1)l . □ 

Corollary 2.20. Let W be an isometric linear relation from the Krem space (7i 2 , Jy) to the 
Krein space (/C 2 , J£) and let be a linear relation in TC. Then 

W[G*\ C W[Q\*. 

Moreover, is dissipative (symmetric) if and only ifW[Q] is dissipative (symmetric). 

Proof. Let k G W[Q] and a G W[6*]. Then there exist elements h G and /3 G 0* such 
that jfe} G W and G Since {a,p} G VT" 1 = W^*\ it follows from Lemma EH 

that 

[k,a\ K2 = [h,(3} H 2 = 0. 
This shows that W[Q] and VF[0*] are orthogonal in the Krein space (/C 2 , Jjc). 

For every {h, k} G W one has /i} G W 7-1 C VK", since W is isometric. Therefore, 

(2.31) 0=[h,h] n2 -[kj]^ =2i[lm(h',h)-lm(k',k)}, (h,k}eW, 

where the identity on the left is due to (|2.29J) . and the identity on the right is due to the 
definition of the inner products. Note that if h G 0, then there exists k G W[Q] with 
{h, k} G W. Hence, if W[Q] is dissipative or symmetric, then (|2.31j) shows that is 
dissipative or symmetric, respectively. Conversely, if k G VK[G], then there exists h G 
with {h, k} G W. Hence, if is dissipative or symmetric, then so is W[G]. □ 

In the general context of Corollary 12.201 it seems difficult to conclude anything about 
the maximality of the dissipative (symmetric) relations. Of course, when W is a standard 
unitary operator, then some known properties can be easily recovered, cf. [36J, 44 . 

Corollary 2.21. Let W be a standard unitary operator from the Krein space (H 2 , Jn) onto 
the Krein space ()C 2 , Jjc). Let be a linear relation in 7i. Then: 

W[Q*} = W[0\*. 

Furthermore, 
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(i) 6 is maximal dissipative <=>■ W[Q] is maximal dissipative; 

(ii) is maximal symmetric -£4> W[G] is maximal symmetric; 

(iii) G is self adjoint <^ W[Q] is self adjoint. 

In case W is a standard unitary operator from 7i 2 onto /C 2 , the Shmul'yan transform is 
usually written out in components. Then W is bounded and with bounded inverse and it 
can be represented in the block form 

(2.32) w =(m W « ^' = °' L 

If G is a linear relation in 7i, then VK[0] in (|2.25j) takes the form 

(2.33) W[Q] = { {W 00 h + W Q1 ti, W 10 h + W n h'} : {h, h'} G }. 

Clearly, W[Q] is contained in the linear relation 
(2.34) 

(Wio + W u O)(W 00 + WoiG)- 1 = {W 00 h + W 01 ti, W w h + W n h"} : {h, h 1 }, {h, h"} G Q }. 
In fact, the following equality holds 

(2.35) (W w + W u e)(W 00 + W 01 e)- 1 = W[Q] +{0,Wn(muie)}. 

Hence, if G is a relation with VFn(mulO) = {0}, and in particular if Q is an operator, the 
linear relations in 1)2.33)1 and in (j2.34j) coincide. 

3. Boundary relations and Weyl families 

3.1. Definitions and basic properties. Let S be a closed symmetric linear relation in 
the Hilbert space S). It is not assumed that the defect numbers of S are equal or finite. A 
boundary relation for S* is defined as follows. 

Definition 3.1. Let S be a closed symmetric linear relation in a Hilbert space fj and let 7i 
be an auxiliary Hilbert space. A linear relation T : fy 2 7i 2 is called a boundary relation 
for S*, if: 

(Gl) domr is dense in S* and the identity 

(3.1) (/', gh ~ (/, 9% = (h', k) H - (h, k%, 

holds for every {/, h}, {g, k} G T; 
(G2) T is maximal in the sense that if {g, k} G S) 2 x TC 2 satisfies f|3.1|) for every {/, h} G T, 
then {g, k} G T. 

Here /= {/,/'},?= {g,g'} G domr(c 9) 2 ), h = {h,h>}, k = {k,k'} G ranr(c H 2 )). 

The condition ()3.1)1 in (Gl) can be interpreted as an abstract Green's identity. Using the 
terminology of Krem spaces (|3.1j) means that V is an isometric relation from the Krem space 
(f) 2 , J%) to the Krem space (7Y 2 , Jn)i since 

(3.2) (jJ,g)& = (J n Kk)H2, {f,h}, {g,k} G T. 

The maximality condition (G2) and Proposition 12.71 now yield the following result. 

Proposition 3.2. Let Sj and H, be Hilbert spaces and let S be a closed symmetric 

linear relation in Sj. Then a linear relation T : S} 2 (—> Ti 2 is a boundary relation for S* if 
and only if T is a unitary relation from the Krem space (fj 2 , Jq) to the Krem space (H 2 , Jn) 
with S = ker T . 
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In some cases the following criterion for a linear relation to be a boundary relation is 
useful; see [TI3 Proposition 3.6]. 

Proposition 3.3. The linear relation T : Sj 2 i— > 7i 2 is a boundary relation for S* if and only 
if the following conditions hold: 

(i) domT is dense in S* ; 

(ii) T is closed and isometric from the Krein space (fj 2 , Jq) to the Krein space (Ti 2 , Jy); 

(iii) ran (T{y\\{T)) + A) = TL for some (and, hence, for all) A G C + and for some (and, 
hence, for all) A G C_. 

Note that a boundary relation T is automatically closed and linear, since it is a unitary 
relation from the Krein space (f) 2 , Jg) to the Krein space (7i 2 , Jy). Observe that the inverse 
r _1 : (H 2 , Jn) — * (£) 2 , Jfj) is also unitary; see Lemma l2~Tfl Therefore, in this case T -1 can be 
interpreted as a boundary relation for S* C Ti 2 , the adjoint of the closed symmetric relation 

(3.3) S := ker T -1 = mulT (c Ti 2 ). 

Let T be a boundary relation for S* and let T = dom T. According to f5J Proposition 2.12] 
the linear relation T in satisfies 

(3.4) ScTcS*, c\osT = S*. 
The eigenspaces yi\(T) and *yi\(T) for T are defined by 

(3.5) yt\(T) = ker (T — A), W A (T) = { {/, A/} G T : / G <K A (T) }. 

For notational convenience the usual defect spaces of S are denoted here by yi\(S*) and 

For all elements { fx, h}, {g^, k} G T with / A G ^(T) and g M G ^(T) one has 

(3.6) (A - /2) (/ A , ^ = (hf, k)n - (h, k%, A, y. e C \ R, 

which follows from the identity ([3.1)1 . Hence, the subspace *Tt A (T) is positive in the Krein 
space (fj 2 , Jq) for A G C + and negative for A G C_. 

Corollary 3.4. Le£ r : fj 2 i— >■ TL 2 be a boundary relation for a symmetric operator A. Then: 

(i) n±(A) < dim ft; 

(ii) if n±(A) < oo, then dim'H — n±(A) = dimmulT; 

(iii) if dim Ti. < oo, then n+(A) = n-(A). 

Proof, (i) Let A = J{T) be the main transform of V. It follows from ^1 Lemma 2.14] that 

n ± (A) = n ± (S), 

where S = mulT C Ti 2 ] cf. (|3.3j) . This implies the statement (i). 

(ii) If n±(A) < oo, or equivalently, n±(S) < oo, one obtains 

dimmuir = dim S = dim7i — dimn±(S), 

where the last identity follows from the fact that dim S in Ti 2 is equal to dim ran (S — A) in 
H for all A G C \ E. 

(iii) If dim 7-^ < oo, then clearly n+(S) = n_(S) and therefore also ^+(^4) = n_(A). □ 
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Recall from [TS] that the boundary relation r : f) 2 i— > 7i 2 is said to be minimal, if 

Z = fimin ■= span{ 9t A (T) : A G C + U C_ }. 

Since 9T A (T) is dense in ^(S 1 *), the boundary relation r : i} 2 t— > Ti 2 is minimal if and only 
if S is simple. 

Definition 3.5. The Weyl family M(-) of S corresponding to the boundary relation T : 
£ 2 ^ H 2 is defined by M(A) := r(^ A (T)), i.e., 

(3.7) M(A) := G H 2 : G T for some f x = {f,Xf} G } , 

where A G C \ R. In the case where M(-) is operator-valued it is called the Weyl function 
of S corresponding to the boundary relation F. 

Definition 3.6. The ^ -field j(-) of S corresponding to the boundary relation r : ft 2 — > H 2 
is defined by 

(3.8) 7 (A) := { {h, f x } G H x Sj : {f x , h} G T for some f x = {/, A/} Gi] 2 }, 
where A G C \ R. Moreover, 7(A) stands for 

(3.9) i(\):={{hJ x }eHxrf: {hJ.je^X), f x = {f,\f}erf}, AgC\R. 
Associate with F the following linear relations which are not necessarily closed: 

r = {{/>}: {/>M g r, /J = {/i, /i'} ) , 

(3.10) 

Fi = {{/,/»'}: {f,h}er,h = {h,h'}}. 

It is clear that 

domM(A) = T (m x (T)) C ranr , ranM(A) = r\(9t A (T)) C ranlY 

If the boundary relation T is single-valued the triplet {7i, To,!^} will be called a boundary 
triplet associated with the boundary relation r : S) 2 1— ► 7i 2 . In this case the Weyl family 
corresponding to the boundary triplet {H, T , I\} can be also defined via the equality 

(3.11) r 1 ({/ A ,A/ A }) = M(A)r ({/ A ,A/ A }), {fx, A/ A } G T. 

The 7-field 7(-) associated with the boundary relation r : f) 2 — > 7i 2 is the first component 
of the mapping 7(A) in (|3.9jl . Observe that 

7(A) -(ro^A^))- 1 , AgC\R, 

is a linear mapping from T (^l x (T)) = domM(A) onto 9T A (T); it is single-valued in view of 
1)3. 6 J) . Consequently, the 7-field is a single- valued mapping from domM(A) onto 9T A (T) and 
satisfies 7(A)r / A = f x for all f x G Ot A (T). 
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3.2. Realization theorem. It follows from the identity ()3.6|) that each Weyl family is a 
Nevanlinna family. In J5| the converse statement was also proven: each Nevanlinna family 
can be realized as the Weyl family of a minimal boundary relation. 

Two boundary relations : (fj^) 2 — > H 2 , j = 1, 2, are said to be unitarily equivalent if 
there is a unitary operator U : — > 9}^ such that 

^-{{©m^w)-®} 61 " 

If the boundary relations and satisfy ()3.12j) and Sj = kerT^, Tj = domT^', 
j = 1, 2, then S 2 = US^- 1 and T 2 = UTtU' 1 . 

Theorem 3.7. Let T : fj 2 — > 6e a boundary relation for S*. Then the corresponding 
Weyl family M(-) belongs to the class R(H). 

Conversely, if M(-) belongs to the class R(7i) then there exists a unique (up to unitary 
equivalence) minimal boundary relation whose Weyl function coincides with M(-). 

In the following proposition geometric characterization of boundary relations, whose Weyl 
functions belong to certain subclasses of R(7i) is given. 

Proposition 3.8. 15J Let V : ft 2 — > 7i 2 be a boundary relation for S* with the Weyl family 
M(A) = T(m x (T)). Then: 

(i) M(-) G R(H) if and only z/mulT n ({0} x H) = {0}; 

(ii) M(-) G R s {7i) if and only i/ranT is dense in 7i 2 ; 

(hi) M(-) G R[H] if and only ifT (m x (T)) = H, A G C \ R; 

(iv) M(-) G and on/y ifmu\T = {0} and T (yt x (T)) = H, A G C \ R. 

(v) M(-) G R U [H] if and only z/ranT = H 2 . 

The case (ii) is specified in more detail in the following Proposition. 

Proposition 3.9. Let T : i} 2 — > 7i 2 be a boundary relation for S* and let M(-) = 
{$(•), \l/(-)} be the corresponding Weyl family. Then 

(3.13) dimmuir = dimker N$ ^. 

In particular, 

rnulT = {0} <S> kerN^ = {0}. 

Proof. Let T(A ) be a mapping from H to Ti. 2 given by T(A) = ( ^Q^j ' Then -^(^o) — 

T(\q)H. If Hq := kerN$ ^(A, A) 7^ 0, then T(X )Ho is the isotropic subspace of the space 
T(A )H considered as a subspace of the Krein space {Ti 2 , J-h)- Therefore, 

T(A)ker N $ ^(A, A) = M(A) n M(A)*. 

In view of fSJ Lemma 4.1] this yields the equality ()3.9|) . □ 

3.3. Linear transformations of boundary relations. Let T : io 2 — * 7i 2 be a boundary 
relation for S* and let be a linear relation from the Krein space (7i 2 , J-h) to the Krein 
space (/C 2 , Jk). When the product WT is a boundary relation for S*, then the corresponding 
7-field can be expressed in terms of the 7-field of the original boundary relation. The Weyl 
family for WT can be expressed as a Shmul'yari transform of the original Weyl family. 
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Proposition 3.10. Let T : Sj 2 — > 7i 2 be a boundary relation for S* with the 7 -field 7(A) 
and the Weyl family M(A). Let W be a linear relation from the Krein space (H 2 , Jn) to the 
Krem space (X 2 , Jjc), such that 

(3.14) WT is unitary, kerW = {0}. 
Then: 

(i) the relation WT : fj 2 — > K? is a boundary relation for S* ; 

(ii) the 7 -field 7w(A) associated with WT is given by 

(3.15) 7H/ (A) = {{A;,/ A }G/Cx^: = WA, {/ A ,A} G T}, AgC\1; 

(iii) t/ie corresponding Weyl family Mjy(A) is given by Shmul'yan transform 

(3.16) Af w (A) = W[Af(A)], AgC\1. 

Proof, (i) This statement is immediate from Proposition 13.21 since kerjyr = kerT = S. 

(ii) According to ()3.8|) the 7-field associated to WT is given by 

lw {\) = {{k,f\}eKxf): {f x ,k}eWT} = {{k,f x }elCxS): k = W% {f x ,h}eT}, 

A G C \ 1, which gives fHTTTHl . 

(iii) By Definition 13. 51 the Weyl family Mjy(-) of S 1 corresponding to the boundary relation 
IV : $) 2 l— >■ ^ 2 is given by 

M iy (A) = {fcG/C 2 : {/ A ,fc}G^r} = {fcG/C 2 : = Wft, {/J}Gr}, 

A G C \ 1, and this leads to <KW\ . □ 

In order to guarantee that the product WT in ()3.14j) is unitary, some sufficient conditions 
on W are required when T is not a standard unitary operator; cf. Section El 

Remark 3.11. If W is a standard unitary operator from 7i 2 to /C 2 , then the conditions in 
(I3.14|) are automatically satisfied, and the 7-field and the Weyl function of the boundary 
relation WT can be written as 

(3.17) lw {\) = { {W 00 h + Woiti, i(X)h} : {h, h'} G M(A) } , AgC\1, 
and 

(3.18) M W (A) = { {W 00 h + W 01 ti, W 10 h + Wnh'} : {h, h'} G M(A) }, A G C \ 1, 

where W is decomposed as in ()2.32|) . When W — Jn the boundary relation WT takes the 
form 

(3.19) T T := T Jn = { {/, J n h} : {f,h} G T } , 

and is called the transposed boundary relation. As follows from ()3.18|) the corresponding 
Weyl family M T (-) for T T coincides with — M(-) _1 . 

Theorem 3.12. Le£ W be a standard unitary operator in the Krein space (7i 2 ,J-n)- The 
following classes of Nevanlinna families are invariant under the Shmul'yan transform induced 
by W: 

(i) the class R(7i) of all Nevanlinna families; 

(ii) the class R c {Ti) of constant Nevanlinna families; 

(iii) the class R s (7i) of strict Nevanlinna functions; 

(iv) the class R u (7i) = R U [H] of uniformly strict Nevanlinna functions. 
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Proof, (i) According to Theorem 13 . 71 every Nevanlinna family M G R(TC) admits a realization 
as a Weyl family of a boundary relation T. By Lemma f3. 101 the linear fractional transform 
M = WM is the Weyl family of the boundary relation WY and, therefore by Theorem 13.71 
M belongs to R(TC). 

(ii) Clearly, if M(A) does not depend on A G C \ R, the same is true for M = WM. 

(iii) &(iv) Since W is a unitary operator in the Krein space {TC 2 , Jn), W maps TC 2 onto TC 2 
and, furthermore, as a bounded everywhere defined unitary operator it also maps a dense 
subspace of TC onto a dense subspace of TC. Therefore, (iii) and (iv) follow from parts (v) 
and (ii) of Proposition 13.81 respectively. □ 

The invariance property for the class R U (TC) = R U [H] in (iv) of Theorem 13. 121 was proved 
in a completely different manner by M.G. Krem and Yu. L. Shmul'yan [HE]; the present proof 
reflects the power of the realization in Theorem 13.71 

4. Special boundary relations and their Weyl families 

In this section special attention is paid to the boundary relations whose Weyl families 
belong to the class R[H}. In particular, an orthogonal decomposition of the auxiliary space 
TC leads to Weyl functions of intermediate extensions. Furthermore, attention is paid to the 
subclasses R S [H] and R u \hi] of strict and uniformly strict Nevanlinna functions. 

4.1. Ordinary boundary triplets. (j2Sj) Let S be a closed symmetric operator in a Hilbert 
space f) with equal defect numbers. A triplet II = {TC,Y ,Yi}, where TC is a Hilbert space 
with dimTC = n±(S) and Tj G [S*, TC], i — 0,1, is said to be an ordinary boundary triplet 
(or a boundary value space) for S* if: 

(Al) the abstract Green's identity 

(4.1) (/', g) - (/, g') = (IV, Y g) n - (T f, Y{g) H 

holds for all / = {/,/'},?= {g,g'} G S*; 
(A2) the mapping T : = {Fo^x} : S* — > TC 2 is surjective. 

For a densely defined symmetric operator this notion was introduced by A.N. Kochubei [SO] 
(see also [23]), a close definition has been used for other purpose by A.V. Straus jUj. For 
a nondensely defined symmetric operator it was introduced in jHEj- In this case the adjoint 
S* of a symmetric operator S in fj is a closed linear relation in fy; it can be considered as a 
Hilbert space with the graph norm. 

Simple observations (see fSl Proposition 5.3]) show that the following statement holds. 

Proposition 4.1. The following statements are equivalent: 

(i) a triplet {TC,Tq,Ti} is an ordinary boundary triplet for S* ; 

(ii) T = {r , Ti} : S) 2 i— > TC 2 is a boundary relation for S* such that ranT = TC 2 ; 

(iii) the corresponding Weyl family M(-) belongs to R U [TC}. 

A linear extension A of the operator S is said to be intermediate if S C A C S*. Ordi- 
nary boundary triplets provide a means to describe all intermediate extensions of S. It is 
well-known (see [T7J EH]) that the set of all intermediate extensions of A in Sj admits the 
parametrization 



(4.2) 



:= {/ £ A* : Tf G 6} = ker (T l - QT ) 
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where ranges over the set of all linear relations in Tt. Moreover, in this case the linear 
relation Aq is closed (symmetric, selfadjoint) if and only if the linear relation B is closed 
(symmetric, selfadjoint, respectively). 

The definitions of the Weyl function M(-) and the 7-field 7(-) corresponding to the ordinary 
boundary triplet II = {H, T , Ti} can be rewritten in a simpler form 

(4.3) 7(A) :=(r ^Ar\ 7(A) ^(ly^r 1 , M(A) = iYr(A), 

with A G p(A ). Here 91a := yi\(S*) and 717 stands for the projection onto the first component 
of Ti © Ti. The Weyl function M(-) and the 7-field 7(-) satisfy the following identities: 

(4.4) 7(A) = [/ + (A-/i)(A -A)- 1 ] 7 (/i), A,/ieC + (q. 

(4.5) M(A) = M(fi)* + (A - fih(fi)*[I + (A - p)(A - A)" 1 ^), VgC\R, 

In the case of an ordinary boundary triplet the resolvent of an intermediate extension A 
of A can be calculated in terms of the corresponding Weyl function. 

Proposition 4.2. JH] Let {H,,r ,Ti} be an ordinary boundary triplet for S* , let M(-) be 
the corresponding Weyl function, let be a linear relation in Ti, and let A G p{Aq). Then 
A G p{Aq) if and only if G p(0 — M(A)) and the resolvent of Aq is given by 

(4.6) (A e - X)' 1 = (Ao - A)- 1 + T (A) (0 - M(A))- 1 7 (A)*. 

The following result is well known. However, the very simple proof is here derived from 
the definition of boundary triplet. 

Proposition 4.3. Two ordinary boundary triplets U.^ = {Ti, 15 , I| } (j = 1,2) for A* 
are connected via the formula 

(4.7) r« = ht«, w = , 

where W is a J^-unitary operator in [H 2 ]. 

Proof. By Proposition 14.11 ordinary boundary triplets determine single- valued unitary re- 
lations : i} 2 — > Ti. 2 satisfying domT^ = A* and ranr^^ 1 = Ti. 2 . The composition 
w := r( 2 'orw is a bounded unitary mapping from H 2 onto H 2 such that = WT^ 
(see Theorem 12.13)1 . The statement is now immediate from Lemma [3.101 □ 

4.2. Ordinary boundary triplets and boundary relations. Let S be a closed symmet- 
ric relation in fj with equal defect numbers. It turns out that all the boundary relations of 
S can be obtained by extending Proposition 14.31 in an appropriate manner. Namely, it is 
shown that they naturally arise when the group of J-unitary operators in [H 2 ] is augmented 
by the class of all J-unitary relations W in 7i 2 for which ker W = {0}. 

Proposition 4.4. Let S be a closed symmetric relation in $) with equal defect numbers, let 
rW = {H, Tq, } be an ordinary boundary triplet for S* and let W be a unitary relation 
from (Ti. 2 , Ju) to {Ti 2 , Jy) such that ker W = {0}. Then the linear relation 

(4.8) T (2) = WT {1) 
is a boundary relation for S* . 
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Conversely, for every boundary relation of S* there exists a unitary relation W with 
kerW = {0} and such that can be recovered from rW via (14. 8 j) . 

In particular, the formula (14. 8 j) establishes a bijective correspondence between the set of 
all boundary relations for S* with the fixed parameter space TC and the set of all unitary 
relations W in (TC 2 , Jn) with kerW = {0}. 

Proof. Let W be a unitary relation from (TC 2 , Jn) to (TC 2 , Jy) such that ker W = {0} and 
let I^ 2 ) be given by (|4.8j) . Then kerT^ = kerT^ = S. Moreover, since domT^ = S* is 
closed and domVT C ranT^ = TC 2 , part (v) of Theorem 12.131 shows that r^ 2 ) is a unitary 
relation from (S) 2 , J n ) to (TC 2 , J n ). Since kerT^ = S, is a boundary relation for S*. 

Conversely, let r^ 2 ^ : ($j 2 , J n ) — > (TC 2 , Jj^j be a boundary relation for S*. Then by (iv) of 
Theorem |2H the linear relation W~ l := rW o (r^)" 1 is a unitary relation from (TC 2 , J n ) 
to (TC 2 ,J H ), since domT^ = S* is closed and as a boundary relation for S* satisfies 

ran(r (2) ) -1 = domr {2) C S* = domr (1) . 

Assume that h G kerW. Then {h,0} G W = T 2 o (r^) -1 and, hence, there is a vector 
g G ft 2 such that 

{h,g} g (ruy 1 , feoier^. 

Since kerT^ 2 ) = S, this implies that g G S and 

{g,h}eT^. 

since rw = {n,r£\rP} is an ordinary boundary triplet for S* this implies h = 0. This 
shows that ker = {0}, and completes the proof of the converse statement. □ 

Remark 4.5. (i) A relation from (S) 2 , J fl ) to (TC 2 ,J H ) is a single-valued boundary 
relation for S 1 * if and only if W in (J4.7)) is a unitary operator in the parameter space (TC 2 , Jn) 
with kerW = {0}. 

(ii) If dim7i < oo then domW 7 and, therefore, also ranW 7 is closed, and one has 
dim (dom W) + dim (ker W) = dim TC 2 , dim (ran W) + dim (mul W) = dim TC 2 . 

If W is single- valued then the assumption ker W = {0} is equivalent to the fact that W is a 
standard unitary operator in [TC 2 ,TC 2 ], in which case dim7i = dim7i; cf. Corollary 12.111 If 
instead W is a unitary relation from Ti 2 to TC 2 with kerW = {0}, then dim7i < dim7i and 

dim TC — dim TC = dim mul W. 

(iii) If TC\ — TL2 ='■ TC, then dim ker W = dim mul W. Therefore if kerW 7^ {0}, then 
mul W 7^ {0} and r^ 2 ^ is a multi-valued mapping. In this case T^ 2 ^ is a boundary relation 
for S*, where Si := kerT^ D A, and S 1 ^ A. 

Corollary 4.6. Let S be a closed symmetric relation in with equal defect numbers (n,n), 
n < 00, and let : fj 2 — > 7^ 2 fre an ordinary boundary triplet for S* . Then the class of all 
single-valued boundary relations : S) 2 — + TC 2 for S* satisfying domT^ = S* coincides 
with the class of ordinary boundary triplets for S* ; they are parametrized by the class of all 
standard unitary operators W G [TC 2 ] via (|4.8jl . 

Furthermore, if n = dim TC < 00 then the class of all boundary relations for S* with the 
fixed parameter space TC coincides with the class of ordinary boundary triplets for S* . 
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Proof. Let r( 2 ) : iy 2 -> H 2 be a single- valued boundary relation for S* with domT^ = S*. 
Then ranT^ is closed and dense in Ti. 2 , so that in ()4.8j) Ti. 2 = ranT^ C raniy, and 
consequently W is a standard unitary operator in Ti. 2 . Therefore, is an ordinary boundary 
triplet for S*. 

If the defect numbers of S are finite, then in ()4.8j) dimmuir^ 2 ) = dimmulW 7 = by 
Remark 14.51 Therefore, is single- valued and since n < oo, domT^ is closed, which 
means that domT^ = S* . Therefore, by the first part of the proof r^ 2 ^ is an ordinary 
boundary triplet for S*. □ 

The next result gives a complete description of all the Weyl families of a symmetric relation 
S with equal finite defect numbers in an arbitrary parameter space JC. 

Proposition 4.7. Let S be a closed symmetric relation in with equal defect numbers 
(n,n), n < oo, let : S) 2 — > Ti 2 be an ordinary boundary triplet for S* with the Weyl 
family M(X), and let = WT^ 1 ' : S) 2 — > Ti. 2 be an arbitrary boundary relation for S* . 
Then the Weyl family associated with is the ShmuV yan transform of M(A) under W: 
M^(\) = W[M{\)) =: M W (X). 

Furthermore, the class of all Weyl families of boundary relations : f) 2 — > JC 2 of S* 
in the parameter space JC with dim/C = dim7i are unitarily equivalent to the class of all 
Weyl families Mw(X) of S acting on H, and they are connected to each others by unitarily 
equivalent ShmuV yan transforms. 

If dim/C > dim7i (so that dim7i < oo), then the strict part M r (X) of M(A) in K, is 
unitarily equivalent to a Weyl function of S in the parameter space Ti. 

Proof. The first assertion M^ 2 ^(A) = VT[M(A)] is clear from Proposition 14 .41 and the definition 
of the Weyl family. 

Next consider boundary relations : 9) 2 — > JC 2 of S* in the parameter space /C with 
dim /C = dim7i. Let U be a unitary mapping from the Hilbert space Ti onto the Hilbert space 
/C and define the unitary mapping U from TC®TC onto K®K by U = U @U . Then U is also a 
standard unitary mapping from (7i 2 , J n ) onto (/C 2 , J£) in the Krem space sense. Hence 
is represented in the form = UT^ 2 \ where : i} 2 — > Ti 2 is a boundary relation for S* 
and clearly all boundary relations for S* with the parameter space JC are obtained in this way. 
The corresponding Weyl families are connected by M^(A) = UM^^X), and hence they are 
unitarily equivalent. Moreover, if = UT^ and one defines W = UWU' 1 , where W is 
as in Proposition 14. 4| then W is a unitary relation in (/C 2 , J/c) with ker W = {0}. Moreover, 
the corresponding Shmul'yan transforms are unitarily equivalent: W[M(A)] = £/W[M(A)]. 

If dim )C > dim 7i with n = dim Ti < oo then S lias finite defect numbers. Con- 
sequently, domT^ = S*, ranT^ is closed, and for W as in Proposition 14.41 one has 
domW = H 2 = M(A) + M(A)*, A G C\R, since is an ordinary boundary triplet 
for S*. The codimension of mulf ( 2 ) is 2n in ranf ^ and n in r<$ (6t x (S*)) for all A e C \R. 
Since 

M (2) (A) n ({0}©/C) = {0}©mulM (2) (A) =mulf (2) , 

one concludes that the codimension of mulT^ in domM^(A) is also n; see |15| Lemma 4.1]. 
Moreover, here mulTg 2 ' 1 = ker(M^ 2 ^(A) — M^ 2 ^(A)*) and therefore also the codimension of 
rnulf J, 2) in dorn~M( 2 )(A) is n for all X e C\R. Since dmnM^A) = ranf^ by [13 Corol- 
lary 4.3], it follows that ranf J 2) = domM^(A) for all A 6 C \ R. Thus M^ 2 )(A) e R inv {K) 
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and "the strict part" M r (2) (A) of M {2 \\) acts on an n-dimensional subspace of fC. It is 
obvious that Mr (A) defines a Weyl function for S* on an n-dimensional parameter space 
and, hence, it is unitarily equivalent to a Weyl function of S acting on 7i. □ 

Proposition 14.71 shows that for studying the Weyl families of arbitrary boundary relations 
for a given symmetric relation S it is enough to select one parameter space TC whose dimen- 
sion is equal to n, the defect numbers of S. The strict part of the Weyl family is the one 
that determines the symmetric operator and its selfadjoint extension in the model space up 
to unitary equivalence. However, for instance, in the connection of generalized resolvents 
nonstrict Weyl families naturally appear. 

4.3. Boundary relations whose Weyl functions belong to the class R[TC}. A purely 
geometric characterization of this class of boundary relations is given in the following propo- 
sition. 

Proposition 4.8. Let S be a closed symmetric relation in a Hilbert space $). Let TL be a 
Hilbert space and let T : ft 2 — > TC 2 be a (possibly multivalued) linear relation such that: 

(Bl) Green's identity (|3.1|) holds; 

(B2) ranr = TC; 

(B3) A := kerT is a selfadjoint linear relation in S). 
Then T : fj 2 — > TC 2 is a boundary relation for S* := (kerT)* such that 

(4.9) T (m x (T))=H 1 AGC\1. 

Conversely, every closed isometric linear relation T : Sj 2 — > TL 2 satisfying f)4.9|) satisfies also 
the conditions (B1)-(B3). 

If the conditions (B1)-(B3) are satisfied, the corresponding Weyl function belongs to the 
class R[H}. Moreover, every R[TC}- function is the Weyl function of some boundary relation 
r : S) 2 -> H 2 with the properties (B1)-(B3). 

Proof. The proof of the direct statement was given in [To] . 

Assume now that r : Sj 2 — > 7i 2 is a closed isometric linear relation satisfying (|4.9jl . Let 

{/A,S},{»A.*}erwith 

Then it follows from ()3.6|) that 

= (A/a, g-x)* - (fx, \g-xh = (h', k)n - (K k%, A e C \ E. 

Since h e M(A), k G M(A) this implies that M(A) C M(A)*. Next, the assumption (jOjl . 
implies that 

domM(A) = domM(A) = H. 
and, hence, M(A) is bounded for all A G C \ R. Since the operator M(A) is dissipative for 
A G C + this implies 

ran (Tm x + A) = ran (M(A) + A) = H, A G C+. 

Due to Proposition 13.31 this proves that r : Sj 2 — > 7i 2 is a boundary relation for S = T*. 

Thus Tt = T (yix(T)) C ranr , so that ranT = TC, i.e., (B2) is satisfied. Also the prop- 
erty (B3) is obtained from r (9tA(^)) = H by using [T5J Proposition 4.15]. The condition 
(Bl) for the boundary relation T is clearly satisfied. 
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The fact that every i?[7i]-function is the Weyl function of some boundary relation r : fj 2 — > 
TC 2 satisfying the conditions (B1)-(B3) is implied by Theorem 13.71 and Proposition 13.81 □ 

Recall that for a boundary relation r : Sj 2 — > TC 2 satisfying the conditions (B1)-(B3) the 
operator function 7(A) = ^(rot^t^T)) -1 : TC — > %l\(T) is bounded and single-valued for 
every A 6 C\l, see [15] . Clearly, the Weyl function M(-) and the 7-field 7(-) satisfy the 
identities (I4.4|l and ([4.5]) . Let E(t) be the spectral family of A Q and let P = E(oo) be the 
orthogonal projection onto domAo- Then (]4.5j) leads to the following integral representation 
ofM(A) 

(4.10) (M(X)h, h) = a h + b h X + - ^-^j da h (t), h G TC , 
where 

a h = (ReM(i)h,h) H , b h = ((I - P)j(i)h,j(i)h), da h (t) = {t 2 + l)d(E(t)Pj(i)h, 
The representation ([4.1()jl leads to the following characterization. 

Proposition 4.9. Let S be a symmetric operator in fj. Let T : f) 2 — > TC 2 be a boundary 
relation for S* satisfying the conditions (B1)-(B3) and let M(A) be the corresponding Weyl 
function. Let TCq = 7rimuir, Aq = kerTo, and T = domT. Then: 

(i) mulv4 = {0} if and only if 

(4.11) li m iMMMh = 0, fteW; 

y^oo iy 

(ii) mulT = {0} if and only if M satisfies the condition 1)4.11)1 and 

(4.12) limylm (M(iy)h,h) = 00, heTCeH . 

!/T°o 

Proof. The first statement is immediate from the equality 

(4.13) lim (M * fa)MK = \\{I-P)l{i)h\\%= W-PUmi- 

y^oo iy 

Under the assumption ()4.11j) the limit in (|4.12|) takes the form 



limyIm(M(iy)h,h) = / (t 2 + 1) d\\E tl (i)h\\%. 

Remark that the mapping restricted to TC TCo is injective and, hence, this limit is 
finite for some h G TC TCo, h ^ 0, if and only if %ti(T) fl domAo = (A — A) -1 (inulT) is 
nontrivial. For the proof of the last equality see ^5] . □ 

The boundary relations with the additional properties (B1)-(B3) are invariant under a 
special class of transforms, cf. Proposition 13.101 Let B G [TC] and let G G [TC] be invertible, 
and assume that 

BG = (BG)*. 

Define the block operator W by 

(4.14) W = ry , with BG = (BG)*. 

It is easy to see that W is a J-^-unitary operator in TC 2 . 
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Proposition 4.10. Let T : fj 2 — > 7i 2 be a boundary relation for S* which satisfies the 
conditions (B1)-(B3), let'j(X) and M(X) be the corresponding '-/-field and the Weyl function, 
and moreover let W G \H © TC] be given by (|4.14j) . Then: 
(i) the transform F = WT of V given by 

(4-15) T = I If, ( n ^2% h ) 1 = \?M G T 



Bh + G*h' / 

is a boundary linear relation for S* with dom IV = dom T and ker = ker T = S 
which also satisfies the conditions (B1)-(B3); 
(ii) the 'j-field and the Weyl function associated to T are given by 

(4.16) 7(A)= 7 (A)G, M(A) = BG + G*M(X)G (g [H]), AeC\l. 

Proof, (i) Since W denned by f)4. 14j) is a J^-unitary operator in 7i, the transform T = WT : 
$)* — > 7i 2 is a boundary relation for S* with dom IV = domT and kerTvi/ = kerT = S 
and clearly T admits the representation ()4.15|) . Moreover, since ranr = Ti and G G [H] is 
invertible, the equality ran To = Ti, holds and ker To = ker To is selfadjoint. Hence, T satisfies 
the conditions (B1)-(B3). 

(ii) By Lemma f3. 101 the Weyl function M(A) associated to T is given by 

M(A) = { {G^h, Bh + G*h'} : {h, h'} G M(A) } 

(4.17) = { {k, BGk + G*M (X)Gk} : h = Gk G domM(A) = H } 
= BG + G*M(X)G, 

where BG = (BG)*. Similarly, the 7-field 7(A) corresponding to T takes the form 
(4.18) 

7(A) = { {G~ x h, t(A)/i} : {h,ti} G M(A) } = { {k, -f(X)Gk} : h = Gk e domM(A) = W}, 

so that 7(A) = 7(A)G, A G C \ E. □ 

Remark 4.11. In the case when the transposed boundary relation T T satisfies (B1)-(B3) 
the corresponding Weyl family M T (-) = —M(-)^ 1 is single-valued and belongs to the class 
R[Tt\. 

Up to this point boundary relations Y : (S) 2 , J^) — > (H 2 , Jy) satisfying the conditions 
(B1)-(B3) are in general multi-valued. Next we briefly discuss the case when it is single- 
valued. 

Definition 4.12. [THj If a boundary relation T : (ft 2 , J^) — > (H 2 , Jn) is single-valued and 
satisfies the conditions (B1)-(B3), then the triplet {T-C,Tq,Ti} is said to be a generalized 
boundary triplet. 



The following corollary is implied by Proposition! 

Corollary 4.13. [HI] A single-valued boundary relation T = {T , l\} : Sj 2 1— > 7i 2 corresponds 
to a generalized boundary triplet {7i, T Q ,Ti} if and only if the corresponding Weyl function 
M(-) belongs to the class R S \H}. 

In the case of a generalized boundary triplet the last condition in Proposition 14.91 is 
simplified in the following way 

(4.19) limylm ( M(iy)h, h) = 00, heH. 

ytoo 
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The next proposition shows how one can reduce a multi-valued boundary relation x with the 
properties (B1)-(B3) to a single-valued boundary relation with the same properties (Bl)- 
(B3). 

Proposition 4.14. Let T : (Sj 2 ,J^) — > (H 2 ,Jn) be a multi-valued boundary relation which 
satisfies (B1)-(B3). Then: 

(1) Ho = 7roumir is a closed subspace ofH (Hi =H Ho); 

(2) muir is the graph of bounded symmetric operator K G [Ho,H]; 

(3) for every bounded self adjoint extension K of K in H the linear relation 

,4,o, r^im,f/-MMm,mwu^« ; 



f )'\h'-Kh J J ' \ V /' J ' V h! 

is a single-valued boundary relation satisfying (B1)-(B3). The Weyl functions M(A) 
and Mi (A), corresponding to the boundary relations T and V are connected by 

(4.21) M(A) = K + diag (0 Wo , Mi (A)), (A G C+). 

Proof. 1) Since ran To = H one obtains from \TE\ Lemma 2.1] that ranr+({0}©7^) is closed. 
By |29t Theorem 4.8] and Proposition 12.71 

(4.22) muir+({0} © H) is closed. 

Using Lemma 2.1] again one obtains Hq := 7Timuir is a closed subspace of H. 

2) It follows from ()4.22|) that mulT is the graph of a bounded operator K : Ho — > H. 
Since mulT is a neutral subspace in (H 2 , Jn) the operator K is symmetric in H. 

3) Let K be a bounded selfadjoint operator extension of K , K G [H]. Since mulT = 
ranTW, one obtains from 

= (h',h ) - (h,K h ) = (h'-Kh,h ) (h G H ),{h,h'} G ranT, 

that h' — Kh is orthogonal to Ho- This proves that ranT' C H\. The mapping V is 
single- valued since for {h, h'} G mulT one has 

P Hl h = 0, ti - Kh = K h- Kh = 0. 

Clearly, ranTg = Hi since ranTo = H. Assume that {/, /'} G ker T' Q . It means that there is 
a vector h' EH such that {h, h'} G mulT 

(4.23) {(/')'(^)} 6r ' Pn ^ h = °- 



Then /i G Ho and, hence, there is a vector /i" G 7^ such that {h, h"} G mulT. Therefore, 



/ W o 

r r\h'-h 



and, hence, {/, /'} G ker r . This proves that V satisfies (B3). The equality (j4.21j) is implied 
by ijPty . □ 

Corollary 4.15. // a boundary relation Y : (fi 2 , J A ) — > (7Y 2 , J H ) for S* satisfies (B1)-(B3), 
then n + (S) = n^(S). 
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5. Weyl functions for intermediate extensions 

Let S be a closed symmetric operator in a separable Hilbert space and let r : fj 2 — > 
7i 2 be a boundary relation for S* which satisfies the conditions (B1)-(B3), so that the 
corresponding Weyl family M(A) belongs to the class R[H). The purpose of this section 
is to associate intermediate symmetric extensions H of S to different types of Nevanlinna 
functions (say, linear combinations of My, Schur complements and compressions of linear 
fractional transformations of M(A)), which are obtained as block transforms of the operator 
matrix representation of M(A) in 

(5.1) n = n 1 ® n 2 , m(a) = (m„ (\)) 2 id=v 

Consider the linear relations 

(5.2) pM = {{( ft ft ,),( p ^,)}: ft6 W 3 -, ft 'e«}, , = 1,2, 

which, clearly, are unitary from (7i 2 , Jy) to (7i 2 , J-Hj)- I n general, it is not clear whether 
o T is a unitary relation if ranT ^ dom?w —TijXTi (cf. Theorem I2.13|) . However, in 
the case when r : i^ 2 — 7i 2 satisfies the conditions (B1)-(B3) it turns out that V^' o V is a 
unitary relation from (7i 2 , J Wj ) to (7i 2 , (j = 1,2). 

Proposition 5.1. Let V : Sj 2 — > 7^ 2 6e a boundary relation for S* which satisfies the condi- 
tions (B1)-(B3), let'-f(X) be the corresponding 'y- field and decompose the corresponding Weyl 
function M(A) as in (15. 1J) . Then: 

(i) i/ie linear relation Hi given by 

(5.3) ifM = {/€£*: {/, f } G T /or some ^ G H 2 } , 

zs closed and symmetric in Sj and has equal defect numbers; 

(ii) the linear relation : S) 2 — > 7Y 2 aiu en 6?/ 

(5.4) r« := 7>« o T = I {/, ( p *^ } : |/, ^ | G T /or some heH^h'eH 

is a boundary relation for (H^)* which satisfies the conditions (B1)-(B3); 

(iii) the domain T\ := doml^ 1 ) is dense in H± and it can be rewritten as 

(5.5) T« = | / £ 5* : {/, h} G T, 7r 2 /i = } ; 

(iv) £/ie corresponding j -field 71(A) : 7Yi — > and £/ie Weyl function Mi (A) G [7ii] are 
ozven by 

(5.6) 7 i(A)= T (A)rWi, M 1 (A) = M n (A), A G C \ R. 

Proof, (i) By definition is a multi-valued mapping from S) 2 into 7i 2 . It satisfies the 
Green's identity (13. ljl . since for all {/, h}, {g, k} G T with h, k G TCi one has 

(/', 9)a - (/, 9% = (h', k) H - (h, k') H = (tti/i', fc)« - (h, ^k') n . 

The property (B2) of T implies that ranl^ = Tli. Moreover, from the property (B3) of T 
one concludes that kerr^ = kerTo = Aq is selfadjoint. Hence, is a boundary relation 
for (H^)* which admits the properties (B1)-(B3). 
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(ii) Since I^ 1 ) is unitary, = ker I^ 1 ) is closed and symmetric. The description of 

in (|5.3J) is immediate from the definition of in (ii). Since I^ 1 ' satisfies the conditions 
(B1)-(B3) the defect numbers of H^ 1 ' are equal to (n x ,ni), n x = dim7^i — dimmuirW. 

(iii) The description of T x = doml^ 1 ) in (15.5)1 is clear from the definition of in (i) and 
the denseness of in (H^)*, or equivalently, the identity (T^)* = kerl^ 1 ) = holds 
by the definition of boundary relations. 

(iv) According to [15, Proposition 5.9] the conditions (B1)-(B3) imply that 

(5.7) r (^ A (T) = H, if } (9t A (T (1) ) = H x , for all A G C \ R. 
Hence, dom7(A) = H and dom^A) = H x , and the formulas 

l(X) = {{hJ x }: {f x ,h}eT}, j x (\) = {{h,f x }: {f x ,h}eT,heH x } 

show that these single- valued mappings are connected by 71(A) = 7(A) \Ti\. Moreover, ()5.7jl 
implies that M x (\) G [Hi], M(A) G [H], and thus 

M 1 (\) = {heH 2 1 : {fx,h}er^} 

= { {h, 7T X h'} G H 2 : {f x ,h} G T, h G H x } 
= P Hl M{\)\H x . 

This completes the proof. □ 
Replacing P Hl by P-n 2 one obtains 

Corollary 5.2. Let T : fj 2 — > H 2 , 7(A), and M(A) be as in Proposition 15. 11 Then: 

(i) the linear relation H 2 given by 

(5.8) = I / G 5* : {/, f °) } G T /or some fc' G ^ | , 

is closed and symmetric in f) and has equal defect numbers; 

(ii) the linear relation : f) 2 — > H\ given by 

r ( 2 ) ;= V m o r = { {/, }:{/,(j)}Gr for some heH 2 ,h>eu}, 

is a boundary relation for H 2 which satisfies the conditions (B1)-(B3); 

(iii) the domain := domT^ is dense in and it can be rewritten as 

(5.9) = {feS*: {f,h} G T, w 1 h = } ; 

(iv) the corresponding 7 -field 72(A) : H2 — > $i and the Weyl function M 2 (A) G [H2) are 
given by 

(5.10) 72 (A) = 1 (\)\H 2 , M 2 (A) = M 22 (A), A G C \ R. 

Corollary 5.3. Lei r : Sj 2 — > 7^ 2 6e a boundary relation for S* , such that V , T J , (T^) T 
satisfy the conditions (B1)-(B3), and decompose the corresponding Weyl function M(A) as 
in JSHI). 

(i) the linear relation given by 

(5.11) = {/€$•: {/, (0) } e r some ^W 2 }, 
closed and symmetric in Sj and has equal defect numbers; 
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(ii) the linear relation 

r' := o T T ) T = { {/, } : {/, }er/or some h G W, 6 H x } , 

is a boundary relation for (S^)* which satisfies the conditions (B1)-(B3); 

(iii) i/ie corresponding Weyl function MW(A) G [Wi] is given fry 

(5.12) M (1) (A) =M n (A) -M 12 (A)M 22 (A)- 1 M 21 (A), A G C \ E. 

Proof. It follows from the assumptions and Proposition l4.8l that both M(-) and M(-) -1 belong 
to the class R\H] and M admits a block representation M(-) -1 = ((M(-) _1 )y). . =r Since 

(r( 2 )) satisfy the conditions (B1)-(B3), one obtains from Proposition 14.81 that M 22 (-) 1 
belongs to the class R\H 2 \- Then it follows from the Frobenius formula that 

(5.13) {M(\y 1 ) n = (Mil (A) - M 12 (A)M 22 (A)- 1 M 21 (A))" 1 . 

Let us apply Proposition 15. II to the linear relation T T . Then the linear relation o T T 
satisfies the assumptions (B1)-(B3) and the corresponding Weyl function coincides with 
(M(-)~ 1 ) n in (|5.13|) . To complete the proof it remains to show that the linear relation 

(V^ o T T ) T satisfies the assumptions (B1)-(B3). Since the Weyl function 

M'(A) = (M(-)- 1 ) 11 = Mn (A) - M 12 (A)M 22 (A)- 1 M 21 (A) 

belongs to the class R[Hi] this fact is implied by Proposition 14.81 However, we will present 
also a direct proof. 

Let hi G Hi. Since T satisfies (B2) there exists / G S*, and h' EH such that 
(5.14, {^("'!)} er 

Next, using the fact that (T( 2 )) T satisfies (B2), we find g E S*, and h 2 E H 2 , h' 2 E H, such 
that 

(5-15) (^)}er, P H2 h' 2 = PnX- 

Now it follows from (1531) . (l5~T5l that 

{/-?,(;;;:^)} e r, -*»=<>. 

This implies that ranr' = TLi and, hence, V satisfies (B2). The assumption (B3) for I~" is 
implied by the equality 

kerri = {7 eS - : {7,(;;;)} e r}. 

□ 

Proposition 5.4. Let V : S} 2 — > H 2 be a boundary relation for S* which satisfies the con- 
ditions (B1)-(B3), let 7(A) be the corresponding •y-field, let H = Hi ®H 2 , decompose the 
corresponding Weyl function M(A) as in (|5.1|) . and let T E [H%,Tli]. Then: 



BOUNDARY RELATIONS AND GENERALIZED RESOLVENTS 



31 



(i) the linear relation defined by 

(5.16) H T = { / G S* : {f,h} er,ft = 0, ti 2 = —T*h[ } 

is closed and symmetric in and has equal defect numbers; 

(ii) the linear relation T T : fj 2 — > Ti 2 given by 

(5.17) r T = { {/, ( r , ft ! !2 + J } : {/, fc} e r, k, = Tft 2 

a boundary relation for which satisfies the conditions (B1)-(B3); 

(iii) i/ie domain ofY T is given by 

(5.18) domlY = { / G 5* : {/, G T, /ii = T/i 2 } ; 

(iv) the ^ -field 7 t(A) : 7Y 2 - ^ •£) corresponding to the boundary relation Tt is given by 

(5.19) 7t(A) =7i(A)T + 72 (A), 

where 7(A) = (71(A) 72(A)) : 7^i©7Y 2 ^ 9) is decomposed according toH = 7^i©7Y 2 ; 

(v) the Weyl function Mt(X) associated to IV is of the form 

(5.20) Mr (A) = T*M n {X)T + T*M 12 (A) + M 21 (A)T + M 22 (A). 

Proof. Define the operator G G [H], where Tt = Hi © TC2, and the operator W G [7i © H] 
via the block formulas 

respectively. Then G is invertible, G [7i], and is J^-unitary in Ti 2 = Ti © Ti. 

According to Proposition 14.101 the product T = WT : S) 2 — ► 7i 2 given by ()4.15|) is a J- 
unitary relation which satisfies the properties (B1)-(B3). Moreover, according to 1)4.16)1 the 
7-field and the Weyl function associated to T are given by 

(5.21) j{X)h = j{X)Gh = 7 i(A)(/ii + Th 2 ) + j 2 (X)h 2 , 
and 

( k 99] m(\\ = ( M ^ M ^ T + Ml2 ^ 

1 ' K) lT*M n (A) + M 21 (A) T*M n (A)T + T*M 12 (A) + M 21 (A)T + M 22 (A) 



respectively. Since 



G -i h= (h-Th 2 \ G * h >_f K 



it follows from Corollary 15.21 that in ()5.16)) is a closed symmetric relation in and that 
IV : fj 2 — > Ti 2 defined by ()5.17|) is a boundary relation for H T which satisfies the conditions 
(B1)-(B3). Moreover, the formulas for the 7-field and the Weyl function in (J5.19)) and ()5.20|) 
are obtained by applying Corollary 15.21 to the formulas 1)5.21)1 and (|5.22)) . 

The formula (J5.18)) is immediate from the description of IV in 1)5.17)1 . □ 

Corollary 5.5. Let Sj be symmetric operators in Hilbert spaces fij and let T^ : Sj 2 -> H 2 
be boundary relations for S* which satisfy the conditions (B1)-(B3), and let Mj(X) be the 
corresponding Weyl functions of Sj, j=l,2. Then: 
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(i) the linear relation 
(5.23) 

# (3) = {/ = £©£: ( °J } G r«, |/ 2) (^J } G /or S ome ^ G W 

is closed and symmetric in fj and has equal defect numbers; 

(ii) the linear relation : Sj 2 — ► 7i 2 given fry 
(5.24) 

r«" := { {a e /„ ( fti £ J } : {A, g) } e r« {/ 2 , g) } £ 1*0 h , hu f , en), 

is a boundary relation for H* which satisfies the conditions (B1)-(B3); 

(iii) the corresponding Weyl function M(A) associated to is 

(5.25) M(A) = Mi (A) + M 2 (A), A 6 C \ 1. 

Proof. To prove the statements (i)-(iii) it is enough to apply Proposition 15.41 to the boundary 
relation 

r d) er (2) ;= {pe/^e^J : e r«, {/ 2 , /i 2 } g r( 2 ) for some ^^ew}, 

for S{®S 2 with the corresponding Weyl function M(A) = diag (Mi (A), M 2 (A)), setting there 
T - In- □ 

6. Orthogonal couplings 

6.1. Orthogonal coupling and boundary relations. Let Sji and fj 2 be arbitrary Hilbert 
spaces and let A be a selfadjoint linear relation in the orthogonal sum = Sji © i} 2 . Then 
the formula 

(6.1) s, = An%, T i = {^y.(fyeA 

defines closed symmetric linear relations S\ and S 2 , and not necessarily closed linear relations 
T\ and T 2 , in Sji and S} 2 , respectively. The relation A can be interpreted as a selfadjoint 
extension of the orthogonal sum Si © S 2 . It is called the orthogonal coupling of S\ and T 2 
(or of T\ and S 2 ), see jUj- The selfadjoint relation A is said to be minimal with respect to 
the Hilbert space S)j (j is fixed, j = 1 ,2) if 

(6.2) S)! © £ 2 = span j ^ + (-A - A)~% : A G p(2) } . 
Associate with Tj the eigenspaces as in (j2.2j) . ()3.5j) . 

(6.3) 9t A (2}) = ker (T, - A), tft A (2}) = | ^ G Tj : / G 9^(2}) } . 

Observe that S 2 is connected to S = mulT in ()3.3|) via S 2 = —S, cf. f)2.20j) . Moreover, 
according to [EJ Lemma 2.14] 9T A (7)) is dense in 9t A (S|) for all A G C \ R, j = 1, 2. 

Lemma 6.1. [12] £et A be a selfadjoint linear relation in S) — $)% © f) 2 , end Zei i/ie linear 
relations Sj and Tj, j = 1,2, be defined by 1)6. 1J) . Then: 

(i) 9fl A (Ti) = Pi(2-A)- 1 io 2; 9Ca(T 2 ) = P 2 (A — A) -1 

(ii) 9^(1)) zs dense in 9T A (S|) /or aHAeC\l,j' = l, 2; 

(iii) The defect numbers of Si and —S 2 coincide: n±(Si) = n T (S 2 ); 
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(iv) A is minimal with respect to S)i (resp. 9)i) if and only if S 2 (resp. Si) is simple. 

The main transform A = J{T) of a boundary relation V defined by ()2.2()j) can be treated as 
an orthogonal coupling of symmetric operators A and S = — mul T. Then the first statement 
of the following proposition is just a reformulation of Proposition 12.171 

Proposition 6.2. Let T be a subspace in S) 2 x 7i 2 and let S = kerT. Then T is a boundary 
relation for S* if and only if A = J(T) is a self adjoint relation in $) (BTi. In this case the 
boundary relation V is minimal if and only if A = J7"(r) is a minimal self adjoint extension 
of —S = — muir. 

Proof. To prove the second statement let us mention first that the boundary relation T : 
S) 2 — > 7i 2 for S2 is minimal if and only if the symmetric linear relation S is simple, since 
9Ta(T) are dense in (see Lemma l6~Tl (ii)). Combining this with the statement (iv) 

of Lemma f6. II one proves that T is minimal if and only if A = J{T) is a minimal selfadjoint 
extension of —S = — mulT. □ 

6.2. Induced boundary relation. Let A be a symmetric operator in the Hilbert space S)i 
and let IT = {7i, To, Ti} be a boundary triplet for A*. Let A be a selfadjoint extension of A 
in the Hilbert space S)\ © f)2 and define the linear relations S 2 and T2. There is a natural 
way to define a boundary relation for S2 in the Hilbert space S)2 with corresponding Weyl 
family. 

Theorem 6.3. Let A be a symmetric operator in S)i with equal defect numbers and let 
n = {7i,ro,ri} be an ordinary boundary triplet for A* . Then: 

(i) If A = A* is a minimal selfadjoint exit space extension of A in S) = S)i © 9)2 and S2 
is defined by ()6.1|) . then the linear relation \ '■ $)\ ~~ * ^ 2 defined by 




(6-4) x = <<f 2 , ( _rj J j : A © /2 G A, A G A*, f 2 e T 2 

is a minimal boundary relation for • 
(ii) // S2 is a simple symmetric operator in S)2 and \ '■ #| ~~ * ^ 2 ^ s a minimal boundary 
relation for S^, then the linear relation A defined by 




(6-5) A=l fl ®f 2 eA*®S*: tf 2 ,\ ^ }e X 



is a minimal selfadjoint extension of A which satisfies A n S)\ = S2. 

Proof, (i) Let A be a selfadjoint extension of A in the Hilbert space fji © 9)2 and define the 
linear relation 

(6.6) A := J' 1 o A = 1 1 , (_ /2 ,) I : {/1 © f 2 , f[ © Q G A, f v f 3 G % J = 1, 2} . 

It follows from Proposition 16.21 that A is a unitary relation from (S) 2 ,, J^ 2 ) to (S) 2 , J^J with 

dom A = Ti, ran A = — T 2 . 
Let n = {H, To, Ti} be an ordinary boundary triplet for A*. Since 

ran A -1 = T\ C domT, ranT = Ti. 2 , 
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the composition x~ of the unitary relations A 1 and T 

(6.7) x- = r o A- 1 = {{ (^z) ,r/ x J :/i®/ 2 6A,/iG A*, / 2 G T 2 

is a unitary relation from (f) 2 , J^) to 0~L 2 ,Jh) with domx_ = — T 2 , cf. Theorem 12.131 
Changing signs in the second components of X- gives the linear relation x °f the form ()6.4|) 
with domx = T 2 . Since closT 2 = S; it follows that x : f>\ -> ^ 2 

is a boundary relation for 

To complete the proof of (i) it remains to prove that the boundary relation x '■ $2 ~^ ^ 2 
for S% is minimal. Since < R\(T2) are dense in %t\(S£) (see Lemma (ii)) the latter is 
equivalent to simplicity of symmetric linear relation S , 2 . But as was shown in Lemma 1(111 
(iv), S2 is simple if and only if A is a minimal selfadjoint extension of A. 

(ii) Let x '■ — > 7~(- 2 b e a boundary relation for S%. Then 

(6.8) X. = U(^,(")\:m,(t)\^ 



rfU'\- h 'J I ' \\fy\ h ', 

is a boundary relation for — 5 2 . Since 

ranx- C ft 2 = domT" 1 , ranT" 1 = A* = A [±] = (mulT^ 1 )^ 1 
it follows from Theorem 12. 131 that the linear relation 



(6.9) *- 1 ~^ = {i^ n )^--{\£).{:&)]e*f>e* 

is a unitary relation from {Sy\, J^ 2 ) to (Sji, JqJ- Therefore, the linear relation 

(6.10) A = [\K ( f l) T A) \ ex, fie A* 




is a unitary relation from (fif, JqJ to Jq 2 ). Due to Theorem 12.131 the composition 
A = r_ o x of linear relations x an d Tl 1 is a unitary relation from J^ 2 ) to (ijf, J^). 
Applying the transform J7" to the linear relation A one obtains by Proposition Id 21 a selfadjoint 
extension A of A given by (|6.5|) . Now ()6.1|) is implied by ()6.5|) . 

If x '■ ^2 — > 7~(- 2 i s a minimal boundary relation for S%, then the minimality of A with 
respect to Sj\ is implied by the same reasons as in (i). □ 

Proposition 6.4. Let the assumptions of Theorem \6'., 6 J\ be satisfied. Then the family r(A) 
defined by 

(6.11) r(A) = {{r /i,-r 1 / 1 } : fx = PsJ, fe A, f-xfefn}, 

is the Weyl family of S* 2 corresponding to the boundary relation x '■ ft 2 * — > 7~t 2 ■ 

Proof. Let / 2 = {/ 2 , / 2 } G 91a(7 2 ). Then it follows from that there are vectors /1, /■{ G 
#1 such that / = {/, /'} = fx © f 2 G A and f — \f £ Sjx. Hence by ()6.5|) one obtains 



(6-12) <h, ^ 6X 
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Since jf*2 G 91a (^2) this shows that {r /i, — ^ifi} belongs to the Weyl family M X (A) of 
S*2 corresponding to the boundary triplet x- This proves the inclusion M X (A) C t(A), 
A g C+ u C_. 

Conversely, if /i, / satisfy the conditions (jO-lip . then / 2 = -Pa 2 / belongs to 91a (^2) • Due 
to (|6.12j) one obtains {r /i, — Fifi} G M X (A), which proves the inclusion r(A) C M X (A). □ 

Consider some examples of couplings of differential operators both single- valued and multi- 
valued. 

Example 6.5. Let A be the symmetric differential operator in L 2 [0, 1] associated with the 
differential expression — D 2 , whose domain of definition is given by 

dom A = { f G C% 1] : f G AC[0, 1], /" G L 2 [0, 1], /(0+) = f (0+) = /(l) = } . 

Let 5*2 be a symmetric differential operator — D 2 on the interval [—1,0], whose domain of 
definition is given by 

dom S2 = { f E C'i-l, 0]:f'e AC[-1, 0], /" G L 2 [-l, 0], /(0-) = f(O-) = /(-l) = } . 
Then the boundary conditions ()6.5|) take the form 

/(0+) = /(0-), f(0+) = f(O-), 

and determine a selfadjoint operator A in L 2 [— 1, 1] associated with the differential expression 
— D 2 and the boundary conditions 

/(1)=0, /(-1) = 0. 

Example 6.6. Let A be a minimal differential operator in L 2 [0, 1] associated with the 
differential expression — D 2 . The domain of A is characterized by the following conditions 

dom A = {/ G C^O, 1] : /' G AC[0, 1], /" G L 2 [0, 1], /(0+) = /'(0+) = /(l) = /'(l) = 0}. 

Let the boundary triplet {C, r , Ti} is given by 

r f - (f(o+)\ r f _ (f'(Q+)\ 
Tof -{f(i) J' 

Consider a minimal differential operator S2 generated by the differential expression — D 2 on 
the interval [—1,0] and let the boundary triplet {C, Xcb Xi} f° r ^2 i s gi ven by 

x ° f = (/(-i)) ' xif = ( /(-V) • 

Then the boundary conditions (|fi.5j) take the form 

/(0+)=/(0-), /' (0+) = f(0-), /(l) = /(-l), f(l) = f(-l) 

and determine a selfadjoint operator A in L 2 [— 1, 1] associated with the differential expression 
— D 2 and the periodic boundary conditions 

/(l) = /(-l), f(l) = f(-l)- 

Theorem l(i .31 establishes a one-to-one correspondence between all minimal with respect to 
f)i exit space selfadjoint extensions of A and all minimal boundary relations \ : Sj 2 , — > Ti 2 
with a fixed space Ti. Since minimal boundary relations are uniquely determined by their 
Weyl families, one can consider the correspondence established in Theorem 16.31 as a one- 
to-one correspondence between all minimal exit space selfadjoint extensions of A and all 
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Nevanlinna families r(-) G R(7i). This correspondence can be written explicitly in terms of 
generalized resolvents (see Section 4). 

Proposition 6.7. Let under the assumptions of Proposition r = {$, be the Weyl 
family of the operator S2 corresponding to the GBT (|fi.4j) . Then: 

(6.13) dim Si/ A = dimker N$ i \ D . 

If, additionally, S± — A then Ti 7^ T*(= S*) if and only if r G R^ \ R^, that is G 
<T C (N$ ) $(A, A)) for each A G C+. 

Proof. It follows from (J6.4)) that 

/; ^ e mu\ X ( \,)= Tf, where / G An ft = S v 



Since T is an isomorphism between linear spaces 7i 2 and A* /A this implies that mulx and 
Si/ A are isomorphic. Therefore 

dim Si/A = dim mul x- 

Making use of the equality (|3.13|) one obtains (j6.13J) . □ 

Example 6.8. Let A be the same as in the previous example and let 5*2 be a minimal 
differential operator generated in Li{— 00, 1) by the differential expression — D 2 . Define a 
boundary relation \ '■ S% — > TC 2 (TC = C) for S% by the equality 

X = { {/, col (/(0-), c, -f(O-), ftc)} : / G S* 2 , c G c| , 

where ft. G M. is fixed. The equality (|6.5jl take the form 

/(0+) = /(0-), /' (0+) = f(O-), /(l) = c, f'(l) = ch, cGC, 

and determine a selfadjoint operator A generated in L 2 (— 00, 1] by the differential expression 
— D 2 and the boundary condition 

/'(i) = W). 

The operator Si here is a restriction of — D 2 to the domain 
domSi = {fe C% 1] : /' G AC[0, 1], /" G L 2 [0, 1], /(0+) = /'(0+) = /'(l) - = 0}, 

and dim Si /A = 1. 

The boundary relations x J : ^2 ^ 2 ( see Theorem 16. 3|) are induced by the ordinary 
boundary triplets EL, (j = 1,2) (see (|6.4Jl ). Hence, due to Theorem 14.31 the connection 
between two Weyl families Tj(X) corresponding to boundary relations : ^2 — * ^ can be 
explicitly expressed by means of the transform W which connects the Weyl functions Mi (A) 
and M 2 (A). 

Proposition 6.9. Let the ordinary boundary triplets IL, = {H,r J ,r{} (j = 1,2) for A* be 
connected via the formula ()4.7|) and let x* ft 2 , H. 2 be boundary relations induced by the 
ordinary boundary triplets Uj (j = 1,2) via the formula (|6.4p . Then the boundary relations 
X^ '■ — > Ti 2 and the corresponding Weyl families Tj(X) are connected by the formulas 

(6.14) x {2) = wx w , M\) = w[n(\)), w=(^ w 
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Proof. Let / = fx © fa G A. Then one obtains 

(6.15) {vifx, -T{fx} G xKh) U = 1,2). 

The formula ()6.14|) is implied by ()6.15|) and the following equality 

rg/iWi o\(t*J 1 \ = (i 

-Tlfx) VO -I J [vlfxj VO 
The latter formula from ()6.14j) is implied by Lemma f3. 101 □ 

6.3. The double Weyl function. It is shown that associated with every selfadjoint ex- 
tension A of A there is a special boundary relation involving the linear relation A* © T2 
and whose parameter space has double dimension. The corresponding Weyl function of the 
operator A © S 2 can be written in the block form and as such is frequently encountered 
in boundary-eigenvalue problems with boundary conditions depending on the eigenvalue 
parameter (see e.g. [20], [2*T]). 

Theorem 6.10. Let A be a symmetric operator in fix and let II = {T~tx, To, Tx} be a boundary 
triplet for A* with the Weyl function M(X). Let S 2 be a symmetric operator in a Hilbert 
space fj 2; let X '■ -£>2 l ~ ¥ ^ 2 be a boundary relation for S 2 with the domain domx = T 2 and 
the Weyl family r(A) = {0, ip} G R{H) and let fi=$)x®S) 2 - Then: 

(i) the linear relation Y coupl : fx) 2 \— > Hq given by 

(6.16) r-< = jj/ ie k j^J) e (" r /) y.U A', {/, (*) \ 6 X 

is a boundary relation for A* © S 2 , which satisfies (B1)-(B3) (see Proposition ^.^ ; 

(ii) the corresponding Weyl function M coup i(-) belongs to the class R[H] and is given by 

— $( 1 I> + M$) _1 / — $(\E' + M$)~ l M 



(6.17) M coupl (X) -- 

Proof, (i) Clearly, the linear relation 



forms a boundary relation for A* © T 2 and the corresponding Weyl family is 

r(A) = M(A) © (-r(A)- 1 ) = {/ © (--0(A)), M(A) © 0(A)}. 
Let W be a J^ n -unitary operator defined by 



WOO InA rrr _ f -/• 



( 6 - 19 ) W ={-C Oj' W ™~\-In 

By Lemma 13.101 T coupl = WT is a new boundary relation ll coupl for A* © whose Weyl 
family takes the form 

(6.20) M coupl (X) = W[r(X)} = |n (A), (~ 7 ^ ( ° A) ) } , where fi = ( M( f A) ^j) . 
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Since Q (X) is invertible, see [HJ Proposition A5], this implies that r%\ (yi\(A) © 9U(T)J 

is a surjective mapping and by Proposition 14. 81 Y coupl is a boundary relation for A0S2 which 
satisfies (B1)-(B3). This proves the statement (i). 

(ii) Setting u := (ij) + M0) _1 one easily derives from (|fi.2()j) the formula for the corre- 
sponding Weyl function M coup i{-)\ 

M coup i(X) = ( 1 

-I \ (<f>(\)w(\) <j)(\)u(\)M(\) 
^(A) J V "(A) w(A)M (A) 

-$(^ + M$)~ 1 J- + M$)" 1 M N 

Moreover, by Proposition 14.81 M — r i(-) G R[H]. This gives (ii). □ 

Remark 6.11. (i) If the boundary relation x m Theorem 16.31 is single-valued then it can 
be decomposed into a boundary triplet II" = { TC, Xo, Xi }> where the boundary operators Xj 
are given by 

Xj = KjX : T 2 ^H, j = 0, 1. 
In this case the boundary relation T of the form ()6.18|) becomes a boundary triplet II = 
{ft 2 ,f ,fi} where 

?:) ■ f » - (-;) ■ - d F - - 6 









and the equality ()6.5|) takes the form 

(6.21) A = ker (f x - BT ) with B = ( r ° 
In other words the coupling A is determined by 

(6.22) A = { £ © / 2 G A* © T 2 : r /i - X0/2 = + X1/2 = } . 

In such a form a construction of the coupling A of two boundary triplets has been introduced 
in [T3] under an additional assumption that II" = { H, Xo? Xi } is an ordinary boundary 
triplet. 

(ii) Suppose that in Theorem 16 .11)1 the Nevanlinna family r(-) belongs to R s (7i). Then 
due to (j6~2TJl the Weyl function corresponding to the triplet Tl coupl = { H 2 , f 1 - BT , -f } 
is (B — r(-)) -1 . Using the Frobenious formula we easily get 
(6.23) 



1\ (M \\ "/-(r + AfT 1 (r + M)- 1 



T 



( B - T ^ = {[l 0) - [0 - r -iJJ = ( v r(r + M)- 1 (r-i + M- 1 )-^ = *W 

Note that the matrix of linear fractional transformation r(-) — > (B — t(-)) -1 coincides with 
the block matrix 14 7 determined by (|6.19|) . that is (B - t(-))~ 1 = W[r(-)]. 

Comparing ()6.17|1 with ()6.23j) we see that in this case M coup i coincides with the Weyl 
function corresponding to the boundary triplet H cou p 1 , Moreover, these reasonings, borrowed 
from ^2] > explain the appearance of the linear fractional transformation W in formula ()6.20|) . 
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Under an additional assumption that II" = {7i, X01X1 } is an ordinary boundary triplet 
Theorem 16.101 has been proved in our paper • 

(iii) In the case of finite defect numbers the function M coup i(-) appears for instance in 
the connection of Sturm-Liouville operators and Hamiltonian systems with "A-depending" 
boundary conditions which are expressed by means of a Nevanlinna pair {$(•), \I/(-)} (equiv- 
alent to t(-)). In this case the function M coup i(-) is known as the spectral matrix induced by 
the Nevanlinna pair {$(•),#(•)}; cf. [Uj, [25- 

Finally, we demonstrate applicability of some results on intermediate extensions from 
SectionElwhen applied to the Weyl function M coup i(-) in Theorem l6.10l Namely, we can prove 
that the diagonal elements of the matrix M coup i(X) are also Weyl families of some intermediate 
extensions of the operator A © S^- In particular, this result gives a geometric interpretation 
of the Nevanlinna function (r(-) + M(-)) -1 appearing in the Krein-Naimark formula for 
generalized resolvents (see ()7.6|) ). as a Weyl function of some intermediate extension. The 
importance of this result is demonstrated in Section l?~2l 

Theorem 6.12. Under the assumptions of Theorem \6.1(J\ the following statements hold: 

(i) the linear relation 

(6.24) = I £ © % e Si © t 2 : = o, |/ 2 , (_ r °jJ } e x } , 

is a closed symmetric linear relation in $) = $)i © #2/ 

(ii) the linear relation : S) 2 1— > 7i 2 given by 



(6-25) r« = S © f 2 , 1 ^ V h i, J 1 e x 




is a boundary relation for H^* which satisfies the conditions (B1)-(B3); 

(iii) i/ie Weyl function M^(A) of corresponding ton the boundary relation is 
given by 

(6.26) M (1) (A) = -$(A)(*(A) + M(A)$(A)) _1 . 

(iv) £/ie linear relation 

(6.27) ( 2 ) = I A © / 2 G A* © T 2 : 1^ = 0, |/ 2 , } G X } , 

is a closed symmetric linear relation in $) — Sji © #2/ 

(v) £/ie linear relation : fj 2 1— > 7i 2 given by 

(6.28) r< 2 ) = I h © / 2 , 

is a boundary relation for H^* which satisfies the conditions (B1)-(B3); 

(vi) the Weyl function M^ 2 \X) of corresponding to the boundary relation is given 
by 

(6.29) M (2) (A) = W(A)(tf(A) + M(A)$(A))~ 1 M(A). 
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Proof. Let us apply Proposition 15.11 to the boundary relation Y coupl in Theorem 16 .101 Then 
the boundary conditions in (|5.3jl take the form 

ri/i + h' = -r„/i + h = r /i = o, 

or, equivalently, 

TJ, = -ti, Tofx = h = 0. 

Then it follows from Proposition 15.11 that the linear relation is a closed symmetric 
linear relation in The equality ()6.25|) is implied by (|5.4|) . Due to Proposition 15.11 the 
Weyl function corresponding to the boundary relation is the upper left corner of the 
block matrix M coup i(X). 

Similarly, the statements (iv)-(vi) are implied by Theorem 16. 101 and Corollary 15.21 □ 



7. Generalized resolvents and admissibility 

7.1. Krein's formula for generalized resolvents. Let A be a symmetric operator in a 
Hilbert space ft with equal defect numbers. Let A be a selfadjoint extension of A in a Hilbert 
space ft containing as a closed subspace. The compression Ra = P$j(A — A) -1 [5} of the 
resolvent of A to fj is said to be a generalized resolvent of A. 

Using the coupling method, we easily obtain the classical Krem-Naimark formula, parametriz- 
ing all generalized resolvents of A by means of maximal dissipative relations (Nevanlinna 
pairs) t(A). Namely, combining Theorem 16.31 Proposition 16.41 and Theorem 13.71 we arrive at 
the following formula for generalized resolvents (in the Straus form). 

Theorem 7.1. Let A be a symmetric operator in a Hilbert space S) and n + (A) = n_(A). 
Let A be a selfadjoint extension of A in a Hilbert space fj D and let U = {Ti, T , Fx} be a 
boundary triplet for A* . Then there is a unique Nevanlinna family r(A) G R-h such that 

(7.1) P»(A-\)- 1 \$, = (Ar(x)-\r 1 . 

Moreover, for any h G S), vector f\ = P%{A — \)~ 1 h is a solution of the "boundary-value 
problem" with spectral parameter r(A) in "boundary condition" 



(7.2) 



f[-\f 1 = h, fx = {fx,f[}eA*, 

{r / 1 ,-r 1 / 1 }Gr(A); 



Conversely, given r(A) G R-u there is a minimal selfadjoint extension A of A in a Hilbert 
space S) D fj such that ()7.1|) holds. 

Proof, (i) Let A G p(A) and let h G Sj. Then there is a vector / = ( t, J G A such that 



(7.3) f-Xf = h. 
Projecting of ()7.3|) to 5)i and f)2 gives the following equations 

(7.4) f[-\f 1 = h, /£-A/ 2 = 0, 
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where f) = P^f, /j = P^f, J = U- It follows from (JESJ) that |/ 2 , ^_pjj | e X, 
where /j = fjM- Since /2 G 91a (T2) this implies 

(7.5) {rJ^-TMeriX), 

where r(-) is the Weyl family of S2 corresponding to the boundary relation \. This proves 
the statement (i). 

(ii) Conversely, starting with r(-) and applying Theorem 13.71 we find a simple symmetric 
operator 5*2 in f) 2 and a minimal boundary relation \ '■ ^2 ~~ > ^ 2 f° r ^2 such that the 
corresponding Weyl family is r(A). Then by Theorem 16.31 the linear relation A in S) = 
$)i © #2 ( a coupling of Ti and S2) defined by ()6.5|) is an exit space self adjoint extension of 
A which satisfies ()6.1|) and (j7.1|) with some Ti(-) G -R(7^) in place of r(-). By Proposition 16.41 
r 1 (.) = r(.). ' □ 

Combining Theorem 17. II with formula ()4.6|) for canonical resolvents we arrive at the fol- 
lowing 

Theorem 7.2. ( [34J ) . Let A be a symmetric operator in with n+(A) = n_(A), let 
n = {Wi,ro,ri} be a boundary triplet for A*, and let M(-) and be the corresponding 
Weyl function and the 7 -field. Then the formula 

(7.6) R A = (A - A)- 1 - 7 (A)(M(A) + r(A))- 1 7 (A)*, A G p(A ) n p(A) 

with A = ker r establishes a bijective correspondence between the generalized resolvents H\ 
of A and Nevanlinna families r(-) G R-h- 

Proof. Let A G p(A ). According to Proposition 14.21 A G p(A_ T (A)) if and only if G 
p(M(A) +r(A)). In this case (see (@~Ej)) 

(7.7) (2_ r(A) - A)- 1 = (A - X)' 1 - 7 (A)(M(A) + r(A))^7(A)*. 

Now the statement follows from Theorem 17.11 □ 

Remark 7.3. (i) Note that for "good" r(-) Theorem 17.21 can easily be derived from Theo- 
rem IHIini and formula ()4.6|) for canonical resolvents with double Weyl function M coup i{-) (see 
f)6.17jl ). We explain the proof confining ourself to the case r(-) G R U [H]. By Theorem 16.121 
and Proposition ^. ll there exists an ordinary boundary triplet {H, Xo, Xi} f° r ^2 sucn that the 
corresponding Weyl function is r(-). Consider a boundary triplet {TC 2 , Tq, } for A* © S% of 
the form (j6.16|) . The corresponding Weyl function M(-) is of the form (j6.17jl . M(-) = fi(-). 
Then A and © A\ {A^ = kerxi) are canonical selfadjoint extensions of A © S2 and the 
formula ()4.6)1 implies 

(? - 8) (A " A) UJ ~ V(4 2) - A)-%J ~ I 7 {2) (A) ) fi(A) ^ 7 {2) (A)^2 

where 7 ( - 2 - ) (A) is the 7-field corresponding to the boundary triplet {H, — XijXo} an d ^i 2 "* = 
kerxi. Setting hi = and applying the projection Pi onto i^i to (|7.8|) we arrive at (dU). 

(ii) Note, that in fact, both formulas ()7.1|) and ()7.6j) are equivalent to each other and can 
easily be deduced one from another (cf. [SHI CHI). 
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Remark 7.4. The description of all generalized resolvents was originally given in different 
forms by M.G. Krem [32] and M.A. Naimark j3§]. It has been extended to the case of infinite 
indices by Saakyan (see jHHEI and references therein). Another description in a form close 
to (J7.1)) was given by A.V. Straus [IB]. A connection of the Krem-Naimark formula with 
boundary triplets has been discovered in jTTj, [TH], [SHI- Moreover, other proofs as well as 
generalizations of the Krein-Naimark formula for nondensely defined symmetric operators 
can be found in [TH], [HE], [22], [SI]; see also the references therein. 

7.2. Admissibility. In this section some new admissibility criteria will be given, which 
guarantee that a generalized resolvent of a symmetric operator corresponds to a self adjoint 
operator extension. Their relation to some other conditions which have been found earlier 
in [TH], [3H|, [3Zj will be discussed. 

Let A be a symmetric operator in fj with equal defect numbers ^+(^4) = n^(A) < oo and 
let II = {H, Tq, T\} be a boundary triplet for A*. According to Theorem 17.21 the generalized 
resolvents Ra of A are in one-to-one correspondence with Nevanlinna families r(A) G R-h 
via the Krem-Naimark formula (|7.6j) . Let A be a minimal selfadjoint extension of A whose 
compressed resolvent is equal to Ra- Then the family r(A) associated to A via f)7.6j) is said 
to be Il-admissible, if A is an operator extension of A, i.e., if mul A = {0}. 

The next theorem gives a general criterion for the Il-admissibility of the family r(A) = 
{0(A),^(A)}. 

Theorem 7.5. Let A be a (nondensely defined) closed symmetric operator in with equal 
defect numbers n + {A) = n_(A) < oo, let II = {7i,T ,Ti} be a boundary triple for A* with 
Weyl function M(X), and let r(A) = {0(A), -0(A)} be a Nevanlinna pair in 7i. Then: 

(i) The pair {0(A), ip(X)} is Il-admissible if and only if the following two conditions are 
satisfied: 

(7. 9 ) w _ ]im mm±MMmi =0 

?/Too y 

and 

(7 1Q) Um ^(A)(^fa) + Mfa)0(A))- 1 M(A) = Q 

yToo y 

(ii) //, in addition, Aq = kerTo is an operator, then the U- admissibility of {<ft(\),ijj(\)} 
is equivalent to the single condition ()7.9j) . 

(iii) If A\ = kerTi is an operator, then the U- admissibility of {4>(\),ip(\)} is equivalent 
to the single condition (j7.10|) . 

Proof, (i) By Theorem 13.71 there are a Hilbert space S)2, a symmetric operator 5*2 and a 
boundary relation x : i^ 2 — > whose Weyl family is r(A) = {0(A), Let the selfadjoint 

extension A of A © S2 be as in Lemma 16.101 Moreover, by Lemma 16.101 the function Q(X) 
given by ()6.17|) . is the Weyl function of A © £2 corresponding to the boundary relation 
: i} 2 — > 7Yq of the form ()6.16|) . According to Proposition 14.91 the multivalued part of the 
linear relation A is trivial if and only if 

(7.11) w-lim^^=0. 

j/foo y 

Now it remains to note that (j7.11|) is equivalent to the conditions ()7.9|) . f)7. lOj) . 
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(ii) Assume that A is an operator and consider the boundary relation 

r«4/ 1 ®/J r ^V , 0:|A,f r »/OUx 




for (#«)*, where is a closed symmetric linear relation m ft = fix ® $)2 given by 1)6.24)1 . 
As was shown in Theorem 16 . 1 21 the boundary relation T^ 1 ^ : fi 2 i— > Ti. 2 satisfies the conditions 
(B1)-(B3) and the corresponding Weyl function of is — (M(A) + r(A)) -1 . To see that 
H w is an operator assume that f x ®f 2 = {0, f[} © {0, f 2 } G Then fx = 0, since 

To/i = and mulAo = {0}. Using the last condition in the definition of H^ 1 ' in (|fi.24j) one 
obtains {/2,0} G \i which due to Proposition 14.81 implies f 2 G 5*2. Since 5*2 is an operator, 
it follows that f 2 = 0, and hence H is also an operator. In view of Proposition 14.91 A is an 
operator if and only if ()7.9)1 holds. 

(iii) In the case where A\ = ker Ti is an operator one can replace the boundary triplet II = 
{H, r , Ti} by II = {H, Fx, — T }. Then the corresponding Weyl families are transformed to 
M(A) = — M(A)" 1 and r(A) = — r(A) _1 , and the statement in the part (iii) is obtained from 
the part (ii). □ 

Remark 7.6. Other approaches to the admissibility problem have been proposed in |37| . 
|38| and JH] • Namely, a direct deduction of Theorem 17.51 (ii) from Krein-Naimark formula 
has been obtained in [38J. This proof is more complicated than the one proposed here. 
Furthermore, under the additional assumption that Ax = ker Fx is an operator, another 
criterion of admissibility (with rather complicated proof) has been obtained in ^J]- This 
criterion is equivalent to the statement Theorem 17. 5f iii) . while we don't know a direct proof 
of their equivalence. 

Another criterion of admissibility (without additional assumptions) has been obtained in 
[TT7] . A connection of Theorem 17.51 with the Langer-Textorious result is discussed in Section 
7.3. 

In the next proposition another admissibility criterion is obtained, when A is viewed as 
an extension of the symmetric intermediate extension H? defined in Proposition 15.41 

Proposition 7.7. Let A be a simple symmetric operator satisfying the assumptions of The- 
orem YTl\ Assume that T G \H\ and let Mt(A) be defined by 

M T {X) = - T*(M(\) + r(A))- x T - T*(M(A) + r(A))-V(A) 
{ ' ' -r(A)(M(A)+r(A))- 1 T + r(A)(M(A)+r(A))- 1 M(A). 



Then for the extension A^ (= A) in f|6.22|) to be an operator it is necessary and, if At* = 
ker (Pi — T*T ) is an operator, it is also sufficient that the following condition holds: 

(7.13) S -hm^M = 0; 

y]oo y 

Proof. It follows from Proposition 15.41 and Theorem 16. 101 that Mr (A) is the Weyl function of 

the linear relation 

(7.14) 

Ht = { fi © ?2 G A* © S* 2 : Txfx + h' = T fx -h = Txfx - T*T fx = 0, {a, ^ j G A } 
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corresponding to the boundary relation 

The necessity of the condition ()7.13|) follows immediately from ()7.9|) and f)7.10j) in Theorem 
17.51 To prove the sufficiency let us show that the following implication holds: 

(7.16) mulI T * = {0} mu\H T = {0}. 

Indeed, if / = (fiJ 2 ) T G #t and % = {OJj}, i = 1,2, then QUI implies that Ti/i - 
T*T fi — and, hence, fi G A T *. Since mulA T . = {0}, one obtains f\ = 0. Now it follows 
from ()7.14|) that { f 2 , 0} G A. Thus, f 2 £ S 2 = ker A, and consequently f 2 = 0, since S 2 is a 
simple operator. This proves that, mulifr = {0}. Since = ker Tq, it follows from (fTT^) 
that My (A) is a Weyl function of the pair (i^r, A^). By Proposition l4.9l the condition ()7.13|) 
implies that is an operator. This completes the proof. □ 

7.3. The Langer-Textorius criterion. In this subsection a new proof for the admissibility 
criterion in [SZj will be given. 

Following |SZ| introduce the operator function Q T with values in [H] by 

(7.17) Ql T (\; zq) := M(A) - (M(A) - M(z )*)(M(A) + r(A))- 1 (M(A) - M(z )). 
The function Q n LT (\; zq) is a Q-function of a pair 

(# lt ,-4 (t) ), where A^ is a minimal 
selfadjoint exit space extension of A corresponding to r(A) in (|7.6|) and Hlt is a symmetric 
restriction of A^ T \ cf. |HZ|- In the following proposition the symmetric linear relation 

Hit is calculated explicitely. This allows to derive the Langer-Textorius criterion from 
Proposition 17.71 

The next theorem specifies the operator Hlt with the help of boundary operators. 

Proposition 7.8. Let the assumptions be as in Proposition \7. 7| and let zq G C + be fixed. 
Then: 

(i) the linear relation H LT defined by 

(718) *<*={r= r ^ + _*S&= = „"' 

is a closed symmetric operator; 

(ii) a linear relation 

zs a boundary relation for H* LT ; 

(iii) i/ie Wey' junction corresponding to Y LT is given by 

(7.20) M LT {\) = Ql T (\;z )-2ReM(z ); 

(iv) r(A) admissible if and only if 

(7.21) S -hm^M = 0. 

3/foo y 
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Proof. As was shown in Proposition 17. 7\ Hr-r is a closed symmetric linear relation in i5i @$)2- 
Moreover, the linear relation Am( Zq )* takes the form 

Am(z )* = a + yiz . 

Since OT^ndom^l = {0}, this implies that A M ( Z(s y is an operator. Now it follows from ()7.16|) 
that H LT is an operator. The expressions ()7.18|) . and ()7.19|) are obtained from Proposition l5.4l 
and the identities in ()6.16jl . □ 

The functions in (j7.17|) and ()7.20|) are related by 

Q T LT {\- zo) = M LT {\) + 2Re M(z ). 

Therefore, Proposition 17.81 (iv) yields the following theorem in |37j . 

Theorem 7.9. (jSZI) Let Zq E C+. Then the minimal selfadjoint extension A^) of A in 
Krein's formula ()7.6|) is an operator if and only if 

(7.22) lim (QlT(w,zo)h,h) = ^ h ^ 
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